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REMARKS ON THE METRIC INDUCED BY THE ROBIN FUNCTION II
DIGANTA BORAH
Abstract. Let D be a smoothly bounded pseudoconvex domain in Cn, n > 1. Using the Robin
function Λ(p) that arises from the Green function G(z, p) for D with pole at p ∈ D associated with the
standard sum-of-squares Laplacian, N. Levenberg and H. Yamaguchi had constructed a Ka¨hler metric
(the so-called Λ-metric) on D. Assume that D is strongly pseudoconvex and ds2 denotes the Λ-metric on
D. In this article, first we prove that the holomorphic sectional curvature of ds2 along normal directions
converges to a negative constant near the boundary of D. Then, we prove that if D is not simply
connected, then any nontrivial homotopy class of pi1(D) contains a closed geodesic for ds2. Finally, we
prove that the diminesion of the space of square integrable harmonic (p, q)-forms on D relative to ds2 is
zero except when p+ q = n in which case it is infinite.
1. Introduction
Let D be a C∞-smoothly bounded domain in Cn (n ≥ 2). For p ∈ D, let G(z, p) be the Green function
for D with pole at p associated to the standard Laplacian
∆ = 4
n∑
i=1
∂2
∂zi∂zi
on Cn ≈ R2n. Then G(z, p) is the unique function of z ∈ D satisfying G(z, p) is harmonic on D \ {p},
G(z, p)→ 0 as z → ∂D and G(z, p)− |z − p|−2n+2 is harmonic near p. Thus
Λ(p) = lim
z→p
(
G(z, p)− |z − p|−2n+2)
exists and is called the Robin constant for D at p. The function
Λ : p→ Λ(p)
is called the Robin function for D.
The Robin function for D is negative, real analytic and tends to −∞ near ∂D (see [10]). Further, if D
is pseudoconvex then by a result of Levenberg-Yamaguchi ([7]), log(−Λ) is a strongly plurisubharmonic
function on D. Therefore
ds2 =
n∑
α,β=1
∂2 log(−Λ)
∂zα∂zβ
dzα ⊗ dzβ
is a Ka¨hler metric on D which is called the Λ-metric. Recall that the holomorphic sectional curvature of
ds2 at z ∈ D along the direction v ∈ Cn is given by
R(z, v) =
Rαβγδv
αvβvγvδ
gαβv
αvβ
where
Rαβγδ = −
∂2gαβ
∂zγ∂zδ
+ gνµ
∂gαµ
∂zγ
∂gνβ
∂zδ
are the components of the curvature tensor,
gαβ =
∂2 log(−Λ)
∂zα∂zβ
are the components of ds2 and gαβ are the entries of the matrix (gαβ)
−1. In the above formulae, the
standard convention of summing over all indices that appear once in the upper and lower position is
being followed.
Now, let v be a vector in Cn. At each point z ∈ ∂D, there is a canonical splitting Cn = Hz(∂D) ⊕
Nz(∂D) along the complex tangential and normal directions at z and hence v can uniquely be written
as v = vH(z) + vN (z) where vH(z) ∈ Hz(∂D) and vN (z) ∈ Nz(∂D). Also, the smoothness of ∂D implies
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that if z ∈ D is sufficiently close to ∂D, then there is a unique point π(z) ∈ ∂D that is closest to it,
i.e., d(z, ∂D) = |z − π(z)|. Therefore, v can uniquely be written as v = vH(π(z)) + vN (π(z)). We will
abbreviate vH(π(z)) as vH(z) and vN (π(z)) as vN (z). For a strongly pseudonconvex domain D, the
boundary behaviour of R(z, vN (z)) was calculated in [1] in a special case, viz., when z → z0 ∈ ∂D along
the inner normal to ∂D at z0. The purpose of this article is threefold. One, we remove the restriction
that z → z0 along the inner normal in obtaining the boundary behaviour of R(z, vN (z)). More precisely,
we have the following:
Theorem 1.1. Let D be a C∞-smoothly bounded strongly pseudoconvex domain in Cn. Fix z0 ∈ ∂D
and let v ∈ Cn. Then for z ∈ D
lim
z→z0
R
(
z, vN(z)
)
= − 1
n− 1 .
To understand the difficulty in the computation, let us assume without loss of generality that z0 = 0 and
the normal to ∂D at z0 is along the ℜzn-axis. Let {zν} be a sequence of points in D converging to 0.
Without loss of generality, let us assume that the distance between zν and ∂D, denoted by δν , is realised
by a unique point π(zν) ∈ ∂D, i.e.,
δν = d(zν , ∂D) = |zν − π(zν)|
for all ν ≥ 1. Now for each ν, apply a translation τν to D followed by a unitary rotation σν to obtain a
new domain Dν so that π(zν) ∈ ∂D corresponds to 0 ∈ ∂Dν and the normal to ∂Dν at 0 is along the ℜzn
axis. We will denote the composition σν ◦ τν by θν . Note that under the map θν , zν ∈ D corresponds to
pν = (0, . . . ,−δν) ∈ Dν and
θ′ν(zν)vN (zν) =
(
0, . . . , 0, |vN (zν)|
)
.
Therefore, by the invariance of the Λ-metric under translation and unitary rotation [1, lemma 5.1],
(1.1) RD
(
zν , vN (zν)
)
= RDν
(
pν ,
(
0, . . . , 0, |vN (zν)|
))
=
1(
gνnn(pν)
)2
(
− ∂
2gνnn
∂zn∂zn
(pν) +
n∑
α,β=1
gβαν (pν)
∂gνnα
∂zn
(pν)
∂gνβn
∂zn
)
where
(1.2) gναβ =
∂2 log(−Λν)
∂zα∂zβ
are the components of the Λ-metric ds2ν onDν and g
αβ
ν are the entries of the matrix
(
gναβ
)−1
. To compute
the limit of the right hand side of (1.1) we have to find the asymptotics of the metric components gναβ
and their derivatives along the sequence {pν}. From (1.2), it is natural to hope that this can be achieved
by computing the asymptotics of Λν and their derivatives along {pν}. To be more precise, let ψ be a
C∞-smooth function on Cn that defines the domain D and ∂ψ(0) = (0, . . . , 1). Then for each ν ≥ 1,
ψν = ψ ◦ θ−1ν is a C∞-smooth defining function for Dν . Also, it is evident that {ψν} converges in the
C∞-topology on compact subsets of Cn to ψ. We then want to compute the rate of growth of
DABΛν(pν) =
∂|A|+|B|Λν
∂zα11 · · ·∂zαnn ∂zβ11 · · · ∂zβnn
(pν), A = (α1, . . . , αn), B = (β1, . . . , βn) ∈ Nn
in terms of ψν(pν). In this regard, we prove the following:
Theorem 1.2. Let D be a C∞-smoothly bounded domain in Cn and let ψ be a C∞-smooth defining
function for D defined on all of Cn. Let {Dν} be a sequence of C∞-smoothly bounded domains in Cn
with defining functions ψν that converge in the C
∞-topology on compact subsets of Cn to ψ. Let pν ∈ Dν
be such that {pν} converges to p0 ∈ ∂D. Define the half space
H =
{
w ∈ Cn : 2ℜ
( n∑
α=1
ψα(p0)wα
)
− 1 < 0
}
and let ΛH denotes the Robin function for H. Then
(−1)|A|+|B|DABΛν(pν)
(
ψν(pν)
)2n−2+|A|+|B| → DABΛH(p0)
as ν →∞.
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We will show in section 6 that the asymptotics obtained in the above theorem suffice to calculate the
limit of the first term of (1.1). However it turns out that the second term remains indeterminate by these
asymptotics. This means that in order to calculate this term we need finer asymptotics of Λν and their
derivatives. A similar situation was handled in [1] by using the following result of Levenberg-Yamaguchi
[7]: The function λ defined by
(1.3) λ(p) =
{
Λ(p)
(
ψ(p)
)2n−2
; if p ∈ D
−|∂ψ(p)|2n−2 ; if p ∈ ∂D
is C2 up to D. We will call λ the normalised Robin function associated to (D,ψ). Thus it is expected that
finer asymptotics of Λν and their derivatives along {pν} could be obtained if the functions λν = Λνψν and
their derivatives along {pν} are bounded. While λν(pν) converge to λ(p0) by theorem 1.2, we establish
the convergence of first and second derivatives of λν along {pν} in the following:
Theorem 1.3. Under the hypothesis of theorem 1.2, we have
(1) lim
ν→∞
∂λν
∂pα
(pν) =
∂λ
∂pα
(p0), and
(2) lim
ν→∞
∂2λν
∂pα∂pβ
(pν) =
∂2λ
∂pα∂pβ
(p0).
where λ is the normalised Robin function associated to (D,ψ) and λν is the normalised Robin function
associated to (Dν , ψν).
We remark that unlike the Bergman, Carathe´odory and Kobayashi metrics, the Λ-metric is not in-
variant under biholomorphisms in general. For an example we refer to [1]. The only information in this
respect that we have is that any biholomorphism between two C∞-smoothly bounded strongly pseudo-
convex domains is Lipschitz with respect to the Λ-metric. This follows from [1, theorem 1.4]. Despite this
drawback, we put our effort to explore this metric by finding its various properties analogous to those
possessed by these invariant metrics. The second theme of this article is to study the existence of closed
geodesics for the Λ-metric of a given homotopy type. In [6], Herbort proved that on a C∞-smoothly
bounded strongly pseudoconvex domain D in Cn which is not simply connected, every nontrivial homo-
topy class in π1(D) contains a closed geodesic for the Bergman metric. Using the asymptotics of the
Λ-metric derived in [1] we prove the following analogue for the Λ-metric:
Theorem 1.4. Let D be a C∞-smoothly bounded strongly pseudoconvex domain in Cn which is not simply
connected. Then every nontrivial homotopy class in π1(D) contains a closed geodesic for the Λ-metric.
Let D be C∞-smoothly bounded strongly pseudoconvex domain in Cn. H. Donnelly and C. Fefferman
[4] proved that D does not admit any square integrable harmonic (p, q)-form relative to the Bergman
metric except when p + q = n, in which case the space of such forms is infinite dimensional. A more
transparent and elementary proof of the infinite dimensionality of the L2-cohomology of the middle
dimension was given by Ohsawa [9]. In [3], Donnelly gave an alternative proof of the vanishing of the
L2-cohomology outside the middle dimension using the following observation of Gromov [5]: If M is a
complete Ka¨hler manifold of complex dimension n such that the Ka¨hler form ω of M can be written as
ω = dη, where η is bounded in supremum norm, thenM does not admit any square integrable harmonic i
form for i 6= n. Finally, we observe that these ideas can be applied to the Λ-metric to prove the following:
Theorem 1.5. Let D be a C∞-smoothly bounded strongly pseudoconvex domain in Cn. Let Hp,q2 (D) be
the space of square integrable harmonic (p, q)-forms relative to the Λ-metric. Then
dimHp,q2 (D) =
{
0 ; if p+ q 6= n,
∞ ; if p+ q = n.
Acknowledgements : The author is indebted to K. Verma for his encouragement, precious comments and
various helpful clarifications during the course of this work.
2. Properties of λ
Let D be a C∞-smoothly bounded domain in Cn with a C∞-smooth defining function ψ defined on all
of Cn. In this section, we recall some basic properties of the normalised Robin function λ associated to
(D,ψ). We start by describing the geometric meaning of λ(p). Given p ∈ D, let
T : D ×Cn → Cn
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be the map defined by
(2.1) T (p, z) =
z − p
−ψ(p) .
Set
(2.2) D(p) =
{
T (p,D) ; if p ∈ D,{
w ∈ Cn : 2ℜ(∑nα=1 ψα(p)wα)− 1 < 0} ; if p ∈ ∂D.
Thus {D(p) : p ∈ D} is a family of domains in Cn each containing the origin. When p ∈ D, D(p) is the
image of D under the affine transformation T (p, ·) and hence by [10, proposition 5.1], we have
ΛD(p)(0) = Λ(p)
(
ψ(p)
)2n−2
= λ(p).
When p ∈ ∂D, D(p) is a half space for which we have the explicit formula [1, (1.4)]
ΛD(p)(0) = −
∣∣∂ψ(p)∣∣2n−2 = λ(p).
Thus for each p ∈ D, λ(p) is the Robin constant for D(p) at the origin. We will denote the Green function
for D(p) with pole at p by g(p, w).
To discuss the regularity of the function λ(p) on D, we set
D = ∪p∈D
(
p,D(p)
)
=
{
(p, w) : p ∈ D,w ∈ D(p)}.
The set D can be considered as a variation of domains in Cn with parameter space D, i.e., as a map
D : p→ D(p)
which associates to each p ∈ D a domain D(p) ⊂ Cn. We call D : p → D(p) the variation associated to
(D,ψ). The following function
(2.3) f(p, w) = 2ℜ
{ n∑
α=1
∫ 1
0
(
wαψα
(
p− ψ(p)tw))dt}− 1
was constructed in [7] which is jointly smooth on Cn ×Cn and satisfies, taking D˜ = D ×Cn,
(i) D = {(p, w) ∈ D˜ : f(p, w) < 0}, ∂D := {(p, w) : p ∈ D,w ∈ ∂D(p)} = {(p, w) ∈ D˜ : f(p, w) = 0}
and Grad(p,w)f 6= 0 on ∂D,
(ii) For each p ∈ D, D(p) = {w ∈ Cn : f(p, w) < 0}, ∂D(p) = {w ∈ Cn : f(p, w) = 0} and
Gradwf(p, w) 6= 0 on ∂D(p).
Therefore, we say that the variation D : p→ D(p) is smooth and is defined by f(p, w). It is evident that
the variation
D ∪ ∂D : p→ D(p) ∪ ∂D(p) = D(p)
is diffeomorphically equivalent to the trivial variation D ×D. It follows that g(p, w) has a C4 extension
to a neighbourhood of D \D × {0}. Now fix a point p0 ∈ D and let B(0, r) ⊂ D(p0). Then there exists
a neighbourhood U of p0 in D such that B(0, r) ⊂ D(p) for all p ∈ U . Since g(p, w) − |w|−2n+2 is a
harmonic function of w ∈ D(p) and is equal to λ(p) when w = 0, we obtain by the mean value property
of harmonic function
λ(p) =
1
r2n−1σ2n
∫
∂B(0,r)
(
g(p, w)− |w|−2n+2) dSw
= − 1
r2n−2
+
1
r2n−1σ2n
∫
∂B(0,r)
g(p, w) dSw
(2.4)
where by dS we denote the surface area measure on a smooth surface in R2n and σ2n be the surface area
of ∂B(0, 1). It follows that λ(p) is smooth on U and thus on D.
Now let 1 ≤ γ ≤ n. Observe that for each p ∈ D, the functions
∂g
∂pγ
(p, w),
∂2g
∂pγ∂pγ
(p, w)
are harmonic in all of D(p) and
∂g
∂pγ
(p, 0) =
∂λ
∂pγ
(p),
∂2g
∂pγ∂pβ
(p, 0) =
∂2λ
∂pγ∂pγ
.
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To find the boundary values of these functions in terms of f , consider the quantities kγ1 and k
γ
2 ,
(2.5) kγ1 (p, w) =
∂f
∂pγ
(p, w)
∣∣∂wf(p, w)∣∣−1 and kγ2 (p, w) = Lγf(p, w)∣∣∂wf(p, w)∣∣−3
where
(2.6) Lγf = ∂
2f
∂pγ∂pγ
|∂wf |2 − 2ℜ
( ∂f
∂pγ
n∑
α=1
∂f
∂wα
∂2f
∂wα∂pγ
)
+
∣∣∣ ∂f
∂pγ
∣∣∣2∆wf,
defined wherever ∂wf(p, w) > 0, thus, in particular on
∂D = ∪p∈D
(
p, ∂D(p)
)
.
Note that on ∂D, the quantities kγ1 and k
γ
2 are independent of the defining function f for D. Since
g(p, w) > 0 on D, g(p, w) = 0 on ∂D and |∂wg(p, w)| = − 12 ∂g∂nw (p, w) > 0 on ∂D, we can use −g(p, w) as
a defining function for D and hence
∂g
∂pγ
(p, w) = −kγ1 (p, w)|∂wg(p, w)|
and
Lγg(p, w) = −kγ2 (p, w)|∂wg(p, w)|3
for all (p, w) ∈ ∂D. Since g(p, w) is of class C4 up to ∂D(p), ∆wg(p, w) = 0 for w ∈ ∂D(p) and hence
from (2.6)
∂2g
∂pγ∂pγ
= −kγ2 |∂wg|+ 2ℜ
( ∂g
∂pγ
|∂wg|
n∑
α=1
∂g
∂wα
|∂wg|
∂2g
∂wα∂pγ
)
= −kγ2 |∂wg| − 2ℜ
(
kγ1
n∑
i=1
∂g
∂wα
|∂wg|
∂2g
∂wα∂pγ
)
for w ∈ ∂D(p). We summarize this in the following
Proposition 2.1. The function g(p, w) is smooth upto D ∪ ∂D = {(p, w) : p ∈ D,w ∈ D(p)}. If
1 ≤ γ ≤ n and p ∈ D, then
(1) ∂g∂pγ (p) is a harmonic function of w ∈ D(p) with
∂g
∂pγ
(p, 0) =
∂λ
∂pγ
(p)
and with boundary values
∂g
∂pγ
(p, w) = −k1(p, w)|∂wg(p, w)|, w ∈ ∂D(p),
(2) ∂
2g
∂pγ∂pγ
(p) is a harmonic function of w ∈ D(p)with
∂2g
∂pγ∂pβ
(p, 0) =
∂2λ
∂pγ∂pγ
(p)
and with boundary values
∂2g
∂pγ∂pγ
(p, w) = −kγ2 (p, w)|∂wg(p, w)| − 2ℜ
(
kγ1 (p, w)
n∑
α=1
∂g
∂wα
(p, w)
|∂wg(p, w)|
∂2g
∂wα∂pγ
(p, w)
)
, w ∈ ∂D(p).
To this end, it was proved in [7] that g(p, w) is C2 up to {(p, w) : p ∈ D,w ∈ D(p)} by deriving the
following estimates: there exists a constant C independent of p ∈ ∂D such that
(2.7)


|kγ1 (p, w)| ≤ C|w|2
|kγ2 (p, w)| ≤ C|w|3
|∂wg(p, w)| ≤ C|w|−2n+1∣∣∣ ∂2g∂wα∂pγ
∣∣∣ ≤ C|w|−2n+2
for all w ∈ ∂Dν with |w| ≥ 1. Moreover, the derivatives ∂g∂pγ and
∂2g
∂pγ∂pγ
are given by the following
variation formulae:
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Proposition 2.2. Let 1 ≤ γ ≤ n. Then for p ∈ D and a ∈ D(p),
(2.8)
∂g
∂pγ
(p, a) =
1
2(n− 1)σ2n
∫
∂D(p)
kγ1 (p, w)
∣∣∂wg(p, w)|∂ga(p, w)
∂nw
dSw
and
(2.9)
∂2g
∂pγ∂pγ
(p, a) =
1
2(n− 1)σ2n
∫
∂D(p)
kγ2 (p, w)|∂wg(p, w)|
∂ga(p, w)
∂nw
dSw
+
1
(n− 1)σ2nℜ
n∑
α=1
∫
∂D(p)
kγ1 (p, w)
∂g
∂wα
(p, w)
|∂wg(p, w)|
∂2g
∂wα∂pγ
(p, w)
∂g
∂nw
(w) dSw .
where ga(p, w) is the Green function for D(p) with pole at a.
We note that for p ∈ D, the above formulae are consequences of proposition 2.1. For p ∈ ∂D, these
formulae were obtained in [7] by finding
lim
D∋q→p
∂g
∂pγ
(q, a) and lim
D∋q→p
∂2g
∂pγ∂pγ
(q, a).
A particular case of this proposition is the following:
Proposition 2.3. Let 1 ≤ γ ≤ n and p ∈ D.
(2.10)
∂λ
∂pγ
(p) =
1
2(n− 1)σ2n
∫
∂D(p)
kγ1 (p, ζ)
∣∣∂wg(p, ζ)|∂g(p, w)
∂nw
dSw
and
(2.11)
∂2λ
∂pγ∂pγ
(p) =
1
2(n− 1)σ2n
∫
∂D(p)
kγ2 (p, w)|∂wg(p, ζ)|2 dSw
1
(n− 1)σ2nℜ
n∑
α=1
∫
∂D(p)
kγ1 (p, w)
∂g
∂wα
(p, w)
|∂wg(p, w)|
∂2g
∂wα∂pγ
(p, w)
∂g
∂nw
(p, w) dSw .
We now consider a sequence {Dν} of C∞-smoothly bounded domains in Cn with C∞-smooth defining
functions ψν such that {ψν} converges in the C∞-topology on compact subsets of Cn to ψ. In other
words, {Dν} converges in the C∞-topology to D. Another commonly used terminology for this is that
the sequence {Dν} is a C∞-perturbation of D. This implies, in particular, that Dν converges in the
Hausdorff sense to D. Now for each ν ≥ 1, consider the scaling map Tν : Dν ×Cn → Cn defined by
Tν(p, z) =
z − p
−ψν(p)
and the family of domains {Dν(p) : p ∈ Dν} defined by
Dν(p) =
{
Tν(p,Dν) ; if p ∈ Dν ,{
w ∈ Cn : 2ℜ(∑ni=1 ψνi(p)wi)− 1 < 0} ; if p ∈ ∂D.
The normalised Robin function λν(p) for (Dν , ψν) is then the Robin constant for Dν(p) at 0. We will
denote the Green function for Dν with pole at 0 by gν(p, w). Also, let
Dν = ∪p∈Dν
(
p,Dν(p)
)
=
{
(p, w) : p ∈ Dν , w ∈ Dν(p)
}
be the variation associated to (Dν , ψν) and let
(2.12) fν(p, w) = 2ℜ
{ n∑
α=1
∫ 1
0
(
wα(ψν)α
(
p− ψν(p)tw
))
dt
}
− 1.
Then fν(p, w) is a smooth function on C
n × Cn that defines the variation Dν . It is evident that the
functions fν(p, w) converge in the C
∞-topology on compact subsets of Cn ×Cn to the function
f(p, w) = 2ℜ
{ n∑
α=1
∫ 1
0
(
wαψα
(
p− ψ(p)tw))dt}− 1
which defines the variation D associated to (D,ψ).
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Now let pν ∈ Dν be such that {pν} converges to p0 ∈ ∂D. For brevity, we let
T ν(z) = Tν(pν , z) =
z − pν
−ψν(pν) ,
Dν = Dν(pν) = T
ν(Dν), and
gν(w) = gν(pν , w).
(2.13)
Thus gν(w) is the Green function for Dν with pole at 0. Let 1 ≤ γ ≤ n. By proposition 2.1, ∂gν∂pγ (pν , w)
is a harmonic function of w ∈ Dν with boundary values
(2.14) − kνγ1 (w)|∂wgν(w)|
where
(2.15) kνγ1 (w) = k
γ
1ν(w) =
∂fν
∂pγ
(pν , w)|∂wfν(pν , w)|−1.
Similarly, ∂
2gν
∂pγ∂pγ
(pν , w) is a harmonic function of w ∈ Dν with boundary values
(2.16)
∂2gν
∂pγ∂pγ
(pν , w) = −kνγ2 (w)|∂wgν(w)| − 2ℜ
(
kνγ1 (w)
n∑
α=1
∂gν
∂wα
(w)
|∂wgν(w)|
∂2gν
∂wα∂pγ
(pν , w)
)
, w ∈ ∂Dν
where
(2.17) kνγ2 (w) = Lγfν(pν , w)|∂wfν(pν , w)|−3
and Lγ is defined by (2.6). We want to conclude this section by finding uniform bounds for the functions
kνγ1 (w) and k
νγ
2 (w) near the boundary of ∂D
ν which will be required to estimate the boundary values
(2.14) and (2.16) in section 4 and 5. For 0 < r < 1 let Eν(r) be the collar about ∂Dν defined by
Eν(r) = ∪w0∈∂Dν
{
w ∈ Dν : |w − w0| < r|w0|
}
.
Note that Eν(r) lies in Dν and Eν(r) does not contain the origin. Similarly, let Eν(r) be the collar around
∂Dν defined by
Eν(r) = ∪z0∈∂Dν{z ∈ Dν : |z − z0| < r|z0 − pν |}.
Note that Eν(r) lies in Dν and does not contain the point pν . Also, note that
(2.18) Eν(r) = (T ν)−1
(Eν(r)).
Lemma 2.4. There exists a constant m > 0, a number 0 < r < 1, and an integer I such that
|∂wfν(pν , w)| > m
for all ν ≥ I and w ∈ Eν(r).
Proof. Choose a δ-neighbourhood U of ∂D i.e.,
U = {z ∈ Cn : d(z, ∂D) < δ}
and a constant m > 0 such that |∂ψ(p)| > 2m for p ∈ U . Since ∂ψν converges uniformly on U to ∂ψ,
there exists an integer I such that
(2.19) |∂ψν(p)| > m
for ν ≥ I and p ∈ U . Modify the integer I so that ∂Dν ⊂ N(δ/2) for all ν ≥ I. Since pν → p0 ∈ ∂D,
without loss of generality let us assume that pν ∈ U for all ν ≥ I. Now define
r =
δ
3δ + 2diam(D)
.
Then it is evident that
(2.20) Eν(r) ⊂ U
for ν ≥ I. Now fix ν ≥ I and w ∈ Eν(r). If we define z = T−1ν w = pν − ψν(pν)w then, by (2.18)
z ∈ Eν(r) ⊂ U.
From (2.12),
|∂wfν(pν , w)| = |∂ψν(z)| > m
by (2.19). 
We now modify step 4 of chapter 4 [7] to obtain the following estimates:
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Lemma 2.5. Let r and I be as in lemma 2.4. Then there exists a constant M > 0 such that
(i) |(∂fν/∂wα)(pν , w)| < M ,
(ii) |(∂fν/∂pγ)(pν , w)| < M
(
1 + |w|−1)|w|2,
(iii) |(∂2fν/∂wα∂wβ)(pν , w)| < M |w|−1,
(iv) |(∂2fν/∂pγ∂wα)(pν , w)| < M
(
1 + |w|−1)|w|,
(v) |(∂2fν/∂pγ∂pµ)(pν , w)| < M
(
1 + |w|−1 + |w|−2)|w|3.
for all ν ≥ I and w ∈ Eν(r).
Proof. Let U be as in the proof of lemma 2.4 and choose R > 0 such that U ⊂ B(0, R). Since {ψν}
converges in the C∞-topology on compact subsets of Cn to ψ, we can find a constant M1 > 0 such that
ψ, ψν , ν ≥ 1, and their derivatives of order up to two are bounded in absolute value by M1 on B(0, R).
Now let ν ≥ I and let w ∈ Eν(r). Then we have
(2.21) pν − ψν(pν)tw ∈ B(0, R), 0 ≤ t ≤ 1.
Before proving this, note that this implies in particular that ψν and its derivatives of order up to 2 are
bounded in absolute value by M1 at the points pν − ψν(pν)tw for all 0 ≤ t ≤ 1. Now to prove (2.21), let
0 ≤ t ≤ 1. Let
z = T−1ν w = pν − ψν(pν)w.
Then by (2.18) z ∈ Eν(r) and hence by (2.20), z ∈ U . Now
pν − ψν(pν)tw = pν + t(z − pν) = (1 − t)pν + tz ∈ B(0, R)
as pν , z ∈ U ⊂ B(0, R).
(i) Differentiating (2.3) with respect to wα under the integral sign, we have
∂f
∂wα
(p, w) = ψα
(
p− ψ(p)w), p, w ∈ Cn.
Hence for ν ≥ I and w ∈ Eν(r),∣∣∣ ∂fν
∂wα
(pν , w)
∣∣∣ = ∣∣ψνα(pν − ψν(pν)w)∣∣ ≤M1.
(ii) Differentiating (2.3) with respect to pγ under the integral sign, we have
∂f
∂pγ
(p, w) =
n∑
α=1
∫ 1
0
∂
∂pγ
(
wαψα
(
p− ψ(p)tw))+ ∂
∂pγ
(
wαψα
(
p− ψ(p)tw)) dt, p, w ∈ Cn.
Observe that
∂
∂pγ
(
wαψα
(
p− ψ(p)tw)) = wαψγα(p− ψ(p)tw) − 2tψγ(p)ℜ n∑
i=1
wiwαψiα
(
p− ψ(p)tw).
Therefore,
(2.22)
∂f
∂pγ
(p, w) =
n∑
α=1
∫ 1
0
(
wαψγα
(
p− ψ(p)tw) + wαψγα(p− ψ(p)tw)) dt
− 2ψγ(p)ℜ
n∑
i,α=1
∫ 1
0
(
wiwαψiα
(
p− ψ(p)tw) + wiwαψiα(p− ψ(p)tw))t dt.
Hence, for ν ≥ I and w ∈ Eν(r),∣∣∣∂fν
∂pγ
(pν , w)
∣∣∣ ≤ n∑
α=1
∫ 1
0
|wα|
∣∣ψνγα(pν − ψν(pν)tw)∣∣+ |wα|∣∣ψνγα(pν − ψν(pν)tw)∣∣ dt
+ 2|ψνγ(pν)|
n∑
i,α=1
∫ 1
0
|wi||wα|ψνiα(pν − ψν(pν)tw)| + |wi||wα|ψνiα(pν − ψν(pν)tw)|t dt
≤
∫ 1
0
2|w|√nM1 dt+ 2M1
n∑
i=1
∫ 1
0
2|wi||w|
√
nM1t dt
≤ 2√nM1|w|+ 2n3/2(M1)2|w|2
≤M2
(
1 + |w|−1)|w|2
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where M2 = 2n
3/2(M1)
2.
(iii) Differentiating (2.3) with respect to wα under the integral sign, we have
∂f
∂wα
(p, w) = ψα
(
p− ψ(p)w), p, w ∈ Cn.
Differentiating this equation with respect to wβ ,
∂2f
∂wβ∂wα
(p, w) =
(− ψ(p))ψαβ(p− ψ(p)w), p, w ∈ Cn.
Let ν ≥ I and w ∈ Eν(r). Let
z = T−1ν w = pν − ψν(pν)w.
Then by (2.21), z ∈ B(0, R). Now we have∣∣∣ ∂2fν
∂wβ∂wα
(pν , w)
∣∣∣ ≤ |z − pν ||w| |ψναβ(z)| ≤ 2RM1|w|−1 =M3|w|−1
where M3 = 2RM1. Finally differentiating (2.22), we obtain (iv) and (v). 
Proposition 2.6. There exist 0 < r < 1, a constant C and an integer I such that
(1) |kνγ1 (w)| ≤ C(1 + |w|−1)|w|2, and
(2) |kνγ2 (w)| ≤ C(1 + |w|−1 + |w|−2)|w|3
for all ν ≥ I and w ∈ Eν(r).
Proof. Let 0 < r < 1, m > 0 and I be as in lemma 2.4. Choose M as in lemma 2.5. Then from (2.15)
|kν1 (w)| =
∣∣∣∂fν
∂pγ
(pν , w)
∣∣∣|∂wfν(pν , w)|−1 < M
m
(
1 + |w|−1)|w|2
for ν ≥ I and w ∈ Eν(r). Also, since 0 6∈ Eν(r), the function
|kν1 (w)|(1 + |w|−1)−1|w|−2
is continuous up to Eν(r) and hence (1) follows.
Similarly, from (2.17)
|kν2 (w)| <
1
m3
(
M(1 + |w|−1 + |w|−2)|w|3M2 + 2nM(1 + |w|−1)|w|2MM(1 + |w|−1)|w|
+ (M(1 + |w|−1)|w|2)2nM |w|−1
)
≤ C(1 + |w|−1 + |w|−2)|w|3
for some constant C whenever ν ≥ I and w ∈ Eν(r). Again the function
|kν2 (w)|(1 + |w|−1 + |w|−2)−1|w|−3
is continuous upto Eν(r) and hence (2) follows. 
3. Asymptotics of Λν
In this section we prove theorem 1.2. First, we recall the following stability result from [1].
Proposition 3.1. Let D be a domain in Cn with C2-smooth boundary and let {Dj} be a C2- perturbation
of D. Let G(z, p) be the Green function for D with pole at p and let Λ(p) be the Robin function for D.
Similarly, let Gj(z, p) be the Green function for Dj with pole at p and Λj(p) the Robin function for Dj.
Then
lim
j→∞
Gj(z, p) = G(z, p)
uniformly on compact subsets of D \ {p} and
lim
j→∞
DABΛj(p) = D
A,BΛ(p)
uniformly on compact subsets of D.
For a proof see [1, proposition 7.1, propostion 7.2]. This proposition, together with [7, proposition 5.1]
yields the following boundary behaviour of the functions Gj(z, p).
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Corollary 3.2. Let D be a domain in Cn with C∞-smooth boundary and let {Dj} be a C∞-perturbation
of D. Let zj ∈ Dj be such that {zj} converges to a point z0 ∈ ∂D. Then for any p ∈ D,
lim
j→∞
Gj(zj , p) = G(z0, p)
and identifying z = (z1, . . . , zn) ∈ Cn with x = (x1, . . . , x2n) ∈ R2n,
lim
j→∞
∂Gj
∂xk
(zj , p) =
∂G
∂xk
(z0, p)
for 1 ≤ k ≤ 2n.
Proof. Since the Green function is invariant under translation and rotation, without loss of generality,
we assume that z0 = 0 and the normal to ∂D at z0 is along x2n axis. By the implicit function theorem,
we can find a ball B(0, r), a C∞-smooth function φ defined on B(0′, r) ⊂ R2n−1, a sequence {φj} of
C∞-smooth functions defined on B(0′, r) that converges in C∞-topology on compact subsets of B(0′, r)
to φ such that
(3.1)
{
B(0, r) ∩ ∂D = {(x′, φ(x′)) : x′ ∈ B(0′, r)},
B(0, r) ∩ ∂Dj = {
(
x′, φj(x
′)
)
: x′ ∈ B(0′, r)}.
Now let p ∈ D. Shrinking r if necessary, let us assume that 2r < |p|. Then for z ∈ B(0, r) ∩Dj,
(3.2) Gj(z, p) < |z − p|−2n+2 < r−2n+2.
Consider the dilation
Z = Sz =
z
r
and set
Ω = S
(
B(0, r) ∩D), Ωj = S(B(0, r) ∩Dj).
Define
u(Z) = r2n−2G(z, p), Z ∈ Ω,
and
uj(Z) = r
2n−2Gj(z, p), Z ∈ Ωj
Then by (3.1) , (3.2) and in view of proposition 3.1, the sequence {uj} on {Ωj} satisfies the hypothesis
of [7, proposition 5.1] and therefore {
limj→∞ uj(Zj) = u(0),
limj→∞
∂uj
∂x˜k
(Zj) =
∂u
∂x˜k
(0).
where Zj = Szj . This implies that{
limj→∞Gj(zj, p) = G(0, p),
limj→∞
∂Gj
∂xk
(zj , p) =
∂G
∂xk
(0, p).

Proof of theorem 1.2. Consider the affine maps T ν : Cn → Cn defined by
T ν(z) =
z − pν
−ψν(pν)
and the scalled domains Dν = T ν(Dν). Recall from the previous section that a defining function for D
ν
is given by
fν(pν , w) = 2ℜ
{ n∑
α=1
∫ 1
0
(
wαψνα
(
pν − ψν(pν)tw
))
dt
}
− 1.
It is evident that {fν(pν , ·)} converges in the C∞-topology on compact subsets of Cn to
f(p0, w) = 2ℜ
( n∑
α=1
ψα(p0)wα
)
− 1.
This implies that {Dν} is a C∞-perturbation of the half space
H =
{
w : 2ℜ
( n∑
α=1
ψα(p0)wα
)
− 1 < 0
}
.
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Therefore, by proposition 3.1
(3.3) lim
ν→∞
DABΛDν (0) = D
ABΛH(0).
Now by [1, (1.1)],
ΛDν (p) = Λν
(
pν − pψν(pν)
)(
ψν(p)
)2n−2
Differentiating this we obtain
DABΛDν (0) = (−1)|A|+|B|DABΛν(pν)
(
ψν(pν)
)2n−2+|A|+|B|
.
Hence from (3.3),
lim
ν→∞
DAB(−1)|A|+|B|DABΛν(pν)
(
ψν(pν)
)2n−2+|A|+|B|
= DABΛH(0).
which completes the proof. 
4. Estimates on the first derivatives
Let 1 ≤ γ ≤ n. By proposition 2.1, ∂gν∂pγ (pν , w) is a harmonic function of w ∈ Dν ,
∂gν
∂pγ
(pν , 0) =
∂λν
∂pγ
(pν)
and
(4.1)
∂gν
∂pγ
(pν , w) = −kνγ1 (w)|∂wgν(w)|, w ∈ ∂Dν .
Therefore,
(4.2)
∂λν
∂pγ
(pν) =
1
2(n− 1)σ2n
∫
∂Dν
kνγ1 (w)|∂wgν(w)|
∂gν
∂nw
(w)dSw .
Thus to find the limit of the above integrals, we need to estimate the boundary values (4.1). For this we
modify Step 3 of chapter 4 [7].
Lemma 4.1. There exists a number 0 < ρ < 1 and an integer I such that for ν ≥ I and w0 ∈ ∂Dν , we
can find a ball of radius ρ|w0| that is externally tangent to ∂Dν at w0.
Proof. Since D is bounded, we can find a ball B(0, R) which contains D. Since {Dν} converges in C2-
topology to D, there exists an integer I such that Dν ⊂ B(0, R) for all ν ≥ I. By implicit function
theorem, there exists a number ρ˜ such that modifying I we can find for each ν ≥ I and z0 ∈ ∂Dν, a ball
of radius ρ˜ that is externally tangent to ∂Dν at z0. Now let ν ≥ I and w0 ∈ ∂Dν . Since Dν is obtained
from Dν by means of a translation followed by dialation of factor −ψν(pν), it follows that we can find a
ball of radius ρ˜/
( − ψν(pν)) that is externally tangent to ∂Dν at w0. Also there exists z0 ∈ ∂Dν such
that
w0 =
z0 − pν
−ψν(pν)
which implies that
ρ˜
−ψν(pν) =
ρ˜|w0|
|z0 − pν | ≥
ρ˜
2R
|w0|.
Thus taking ρ = ρ˜/2R, it follows that the we can find a ball of radius ρ|w0| that is tangent to ∂Dν at
w0. 
Proposition 4.2. There exists an an integer I and a constanct C > 0 such that∣∣∂wgν(w)∣∣ ≤ C|w|−2n+1
for all ν ≥ I and w ∈ ∂Dν .
Proof. Choose 0 < ρ < 1, an integer I and a constant C as in lemma 4.1. Let ν ≥ I and w0 ∈ ∂Dν . Let
B be the ball of radius ρ|w0| that is externally tangent to ∂Dν at w0. Let E be the ball centred at w0
and of radius ρ|w0|. Then w ∈ E implies that
|w| > |w0| − ρ|w0| = (1 − ρ)|w0|.
Therefore, for w ∈ E ∩Dν ,
0 < gν(w) ≤ |w|−2n+2 < ((1− ρ)|w0|)−2n+2.
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By step 2 of chapter 4 [7], we have
|∂wgν(w0)| ≤ c
(
(1 − ρ)|w0|
)−2n+2
(ρ|w0|)−1
where c does not depend on gν(w) or Dν . Thus
|∂wgν(w0)| ≤ C|w0|−2n+1,
where C = cρ−1(1− ρ)−2n+2 is independent of ν and w0 ∈ ∂Dν . 
Proposition 4.3. There exists a constant C > 0 and an integer I such that∣∣∣∂gν
∂pγ
(pν , w)
∣∣∣ = ∣∣kνγ1 (w)∣∣∣∣∂wgν(w)∣∣ ≤ C(1 + |w|−1)|w|−2n+3, w ∈ ∂Dν
for all ν ≥ I.
Proof. By proposition 2.6, there exists a constant C and an integer I such that
|kνγ1 (w)| ≤ C
(
1 + |w|−1)|w|2, w ∈ ∂Dν
for all ν ≥ I. In view of proposition 4.2, we can modify the constant C and the integer I so that
|∂wgν(w)| ≤ C|w|−2n+1, w ∈ ∂Dν
for all ν ≥ I. Hence, from (4.1),∣∣∣∂gν
∂pγ
(pν , w)
∣∣∣ = ∣∣kνγ1 (w)∣∣∣∣∂wgν(w)∣∣ ≤ C2(1 + |w|−1)|w|−2n+3, w ∈ ∂Dν
for all ν ≥ I. 
Proposition 4.4. lim
ν→∞
∂λν
∂pγ
(pν) =
∂λ
∂pγ
(p0).
Proof. In view of proposition 2.3 we have to prove that
(4.3) lim
ν→∞
1
2(n− 1)σ2n
∫
∂Dν
kνγ1 (w)|∂wgν(w)|
∂gν
∂nw
(w)dSw
=
1
2(n− 1)σ2n
∫
∂H
kγ1 (p0, w)|∂g(p0, w)|
∂g
∂nw
(p0, w)dSw .
where H = D(p0). Let R > 1. Then the boundary surfaces B(0, R) ∩ ∂Dν converge to B(0, R) ∩ H
continuously in the sense that the unit normal vectors
∂wg
ν(w)
|∂wgν(w)| →
∂g(p0, w)
|∂wg(p0, w)|
uniformly on compact sets, except at the corners B(0, R) ∩ ∂Dν . Also, if wν ∈ ∂Dν and {wν} converges
to w0 ∈ ∂H, then by definition
(4.4) lim
ν→∞
kνγ1 (w
ν ) = kγ1 (p0, w
0)
and by corollary 3.2
(4.5) lim
ν→∞
∂gν
∂wα
(wν) =
∂g
∂wα
(p0, w
0)
for 1 ≤ α ≤ n. Hence,
(4.6) lim
ν→∞
1
2(n− 1)σ2n
∫
B(0,R)∩∂Dν
kνγ1 (w)|∂wgν(w)|
∂gν
∂nw
(w)dSw
=
1
2(n− 1)σ2n
∫
B(0,R)∩∂H
kγ1 (p0, w)|∂g(p0, w)|
∂g
∂nw
(p0, w)dSw .
To esitmate these integrals outside the ball B(0, R), note that by proposition 4.3, there exists a constant
C and an integer I such that∣∣kνγ1 (w)∣∣∣∣∂wgν(w)∣∣ ≤ C|w|−2n+3, w ∈ ∂Dν , |w| > 1
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for all ν ≥ I. Therefore,
(4.7)
∣∣∣∣∣ 12(n− 1)σ2n
∫
Bc(0,R)∩∂Dν
kνγ1 (w)|∂wgν(w)|
∂gν
∂nw
(w)dSw
∣∣∣∣∣
≤ CR−2n+3 1
2(n− 1)σ2n
∫
∂Bc(0,R)∩∂Dν
(
− ∂g
ν
∂nζ
(w)
)
dSw
for all ν ≥ I. Since∫
∂Bc(0,R)∩∂Dν
(
− ∂g
ν
∂nζ
(w)
)
dSw ≤
∫
∂Dν
(
− ∂g
ν
∂nw
(w)
)
dSw = (2n− 2)σ2n,
we have from (4.7)
(4.8)
∣∣∣∣∣ 12(n− 1)σ2n
∫
Bc(0,R)∩∂Dν
kνγ1 (w)|∂wgν(w)|
∂gν
∂nw
(w)dSw
∣∣∣∣∣ = O(R−2n+3)
uinformly for all ν ≥ I. By (2.7), we can modify the constant C so that∣∣kγ1 (p0, w)∣∣∣∣∂wg(p0, w)∣∣ ≤ C|w|−2n+3, w ∈ ∂H, |w| > 1
and as above we obtain
(4.9)
∣∣∣∣∣ 12(n− 1)σ2n
∫
Bc(0,R)∩∂H
kγ1 (p0, w)
∣∣∂wg(p0, w)∣∣ ∂g
∂nw
(w) dSw
∣∣∣∣∣ = O(R−2n+3).
Now (4.3) follows from (4.6), (4.8) and (4.9). 
Remark 4.5. Note that the arguments of this section also imply that for any a ∈ H,
lim
ν→∞
∂gν
∂pγ
(pν , a) = lim
ν→∞
1
2(n− 1)σ2n
∫
∂Dν
kνγ1 (w)|∂wgν(w)|
∂gνa
∂nw
(pν , w)dSw
=
1
2(n− 1)σ2n
∫
∂H
kγ1 (w)|∂wg0(w)|
∂ga
∂nw
(pν , w)dSw =
∂g
∂pγ
(p0, a).
Moreover, by proposition 4.3, the functions ∂gν∂pγ (pν , w) are uniformly bounded on compact subsets of H
for all large ν. Indeed, let B(0, r) ⊂ H. Then B(0, r) ⊂ Dν for all large ν. It follows that∣∣∣∂gν
∂pγ
(pν , w)
∣∣∣ ≤ Cr−2n+3(1 + r−1)
for w ∈ ∂Dν and hence for w ∈ Dν by the maximum priciple. Therefore, { ∂gν∂pγ (pν , a)} converges uniformly
on compact subsets of H to ∂g∂pγ (p0, a).
5. Estimates on the second derivatives
By proposition 2.1, ∂
2gν
∂pγ∂pγ
(pν , w) is a harmonic function of w ∈ Dν ,
∂2gν
∂pγ∂pγ
(pν , 0) =
∂2λν
∂pγ∂pγ
(pν),
and
(5.1)
∂2gν
∂pγ∂pγ
(pν , w) = −kνγ2 (w)|∂wgν(w)| − 2ℜ
(
kνγ1 (w)
n∑
α=1
∂gν
∂wα
(w)
|∂wgν(w)|
∂2gν
∂wα∂pγ
(pν , w)
)
, w ∈ ∂Dν .
Therefore,
(5.2)
∂2λν
∂pγ∂pγ
(pν) =
1
2(n− 1)σ2n
∫
∂Dν
kν2 (w)|∂wgν(ζ)|
∂gν
∂nw
(w) dSw
+
1
(n− 1)σ2nℜ
n∑
α=1
∫
∂Dν
kνγ1 (w)
∂gν
∂wα
(w)
|∂wgν(w)|
∂2gν
∂wα∂pγ
(pν , w)
∂gν
∂nw
(w) dSw .
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By similar arguments as in the previous section
(5.3) lim
ν→∞
1
2(n− 1)σ2n
∫
∂Dν
kν2 (w)|∂wgν(ζ)|
∂gν
∂nw
(w) dSw
=
1
2(n− 1)σ2n
∫
∂H
k2(p0, w)|∂wg(p0, w)| ∂g
∂nw
(w) dSw
where H = D(p0). Thus we only need to find the limit of the second integrals. This requires to estimate
the functions
(5.4)
∂2gν
∂wα∂pγ
(pν , w)
on ∂Dν . Since ∂gν∂pγ (pν , w) is a harmonic function of w ∈ Dν with boundary values
(5.5) F ν(w) = −kνγ1 (w)|∂wgν(w)| = −
∂fν
∂pγ
(pν , w)
|∂wfν(pν , w)| |∂wg
ν(w)|,
to estimate (5.4), we need to estimate the derivatives of F ν(w). This will be done by modifying Steps 2
and 3 of chapter 5 [7].
In what follows we will identify the point z = (z1, . . . , zn) in C
n with the point x = (x1, . . . x2n) in R
2n.
Similarly w = (w1, . . . , wn) and W = (W1, . . . ,Wn) in C
n will be identified with y = (y1, . . . y2n) and
Y = (Y1, . . . , Y2n) in R
2n respectively. First, we note the following version of a tubular neighbourhood
theorem:
Proposition 5.1. There exist 0 < r < 1 and M > 1 and an integer I such that for ν ≥ I and any
z0 = (x
′
0, x02n) in the neighbourhood ⋃
z∈∂Dν
{z + tnz : −r < t < r}
of ∂Dν , B(z0, r) ∩ ∂Dν can be represented, after a rotation and translation of coordinates, in the form
x2n = φ(x
′) where
(a) φ(x′) is smooth in B(x′0, r) ⊂ R2n−1 with φ(x′0) = x02n − t, where t is such that z0 = z∗0 + tnz∗0
for some z∗0 ∈ ∂Dν , and
(b) all partial derivatives of φ of order upto 6 are bounded in absolute value on B(x′0, r) by M .
Now fix r, M and I as in proposition 5.1. Modifying the integer I, if necessary, we may assume that
d(pν , ∂D) < r
and
∂Dν ⊂
{
z : d(z, ∂D) < r
}
for all ν ≥ I. This would imply that
(5.6) |z˜ν − pν | < diam(D) + 2r
for ν ≥ I and z˜ν ∈ ∂Dν. Now, choose 0 < η < 1 such that
(5.7)
η
1− η
(
diam(D) + 2r
)
< r.
Lemma 5.2. Let ν ≥ I and wν ∈ Dν \ {0} be such that
{w ∈ Cn : |w − wν | < η|wν |} ∩ ∂Dν 6= ∅.
Let Sν : Cn → Cn be the affine map defined by
W = Sν(w) =
w − wν
η|wν |
and set
Ων = Sν
({
w ∈ Cn : |w − wν | < η|wν |} ∩Dν) = {|W | < 1} ∩ Sν(Dν).
Then we can find Φν ∈ C∞({Y ′ : |Y ′| < 1}) with
(1) {|W | < 1} ∩ ∂Ων = {Y2n = Φν(Y ′)}, and
(2)
∣∣∣∂αΦν∂Y α ∣∣∣ ≤M for α = (α1, . . . , αn) with |α| ≤ 6 if |Y ′| < 1.
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Proof. Let
zν = (T
ν)−1(wν) = pν − ψν(pν)wν
and let
bν = (T
ν)−1
({
w : |w − wν | < η|wν |
})
=
{
z ∈ Cn : |z − zν | < η|zν − pν |
}
.
Then bν ∩ ∂Dν 6= ∅ and hence there is a point z˜ν ∈ ∂Dν such that
|z˜ν − zν | < η|zν − pν | ≤ η(|zν − z˜ν |+ |z˜ν − pν |).
Therefore,
(5.8) |z˜ν − zν | < η
1− η |z˜ν − pν | ≤
η
1− η
(
diam(D) + 2r
)
< r
by (5.6) and (5.7) and hence
zν ∈
⋃
z∈∂Dν
{z + tnz : −r < t < r}.
By proposition 5.1, B(zν , r) ∩ ∂Dν can be represented after a rotation and translation of coordinates in
the form x2n = φν(x
′) where φν(x
′) is C∞ on B(x′ν , r),
(5.9) φν(x
′
ν) = xν0 − tν
where
(5.10) − tν = d(zν , ∂Dν) < η|zν − pν |
and all partial derivatives of φν of order up to 6 are bounded in absolute value by M . The surface
{(x′, x2n) : x2n = φν(x′), |x′ − x′ν | < r}
is mapped by Sν ◦ T ν onto the surface
{(Y ′, Y2n) : Y2n = Φν(Y ′), |Y ′| < Rν}
where, letting wν = (yν′, yν2n), pν = (p
′
ν , pν2n)
Φν(Y ′) =
φν(p
′
ν − ψν(pν)yν′ − ψν(pν)η|wν |Y ′)
−ψν(pν)η|wν | +
ψν(pν)y
ν
2n − pν2n
−ψν(pν)η|wν |
and
Rν =
r
−ψν(pν)η|wν | =
r
η|zν − pν | .
But from (5.8)
η|zν − pν | ≤ η(|zν − z˜ν|+ |z˜ν − pν |) ≤ η( η
1− η |z˜ν − pν |+ |z˜ν − pν |) =
η
1− η |z˜ν − pν | < r
so that Rν > 1. This implies that
{|W | < 1} ∩ ∂Ων ⊂ {(Y ′, Y2n) : Y2n = Φν(Y ′), |Y ′| < Rν}.
By using the properties of φν and the explicit formula for Φ
ν above, it follows that
{|W | < 1} ∩ ∂Ων = {Y2n = Φν(Y ′)}
where Φν ∈ C∞({Y ′ : |Y ′| < 1}) and satisfies
(a) 0 < Φν(0) < 1 by (5.9) and (5.10), and
(b) |∂αΦν∂Y α | < M for all α = (α1, · · · , αn) with |α| ≤ 6 if |Y ′| < 1.

Now we modify Step 2 of chapter 5 [7], to obtain the following uniform estimates:
Proposition 5.3. There exists a constant C > 0 and an integer I such that for 1 ≤ i, j, k ≤ 2n
(1) |(∂gν/∂yi)(w)| ≤ C|w|−2n+1,
(2) |(∂2gν/∂yi∂yj)(w)| ≤ C|w|−2n,
(3) |(∂3gν/∂yi∂yj∂yk)(w)| ≤ C|w|−2n−1
for all ν ≥ I and w ∈ Dν \ {0}.
16 DIGANTA BORAH
Proof. The proofs for (1), (2) and (3) are similar and so we prove only (1). Fix 1 ≤ i ≤ 2n. Suppose that
(1) is not true. Then there exists a sequence {wν} such that wν ∈ Dν \ {0} and
(5.11) lim
ν→∞
∣∣∣∂gν
∂yi
(wν)
∣∣∣|wν |2n−1 =∞.
We claim that for all but finitely many ν,
B(wν) =
{
w ∈ Cn : |w − wν | < η|wν |}
intersects ∂Dν . Indeed, suppose that B(wν) ∩ ∂Dν = ∅ for some ν. Then B(wν) ⊂ Dν and therefore,
gν(w) ≤ |w|−2n+2 ≤ (1 − η)−2n+2|wν |−2n+2, w ∈ ∂B(wν).
Now, by Poisson integral formula, there exists a constant cn > 0 independent of ν such that∣∣∣∂gν
∂yi
(wν )
∣∣∣ ≤ cn
(1− η)2n−2η |w
ν |−2n+1.
But this can be true only for finitely many ν by (5.11) and hence the claim. Therefore, if we let
Ων = Sν
(
B(wν) ∩Dν) = {|W | < 1} ∩ Sν(Dν)
then by lemma 5.2, we can find for all large ν, functions Φν ∈ C∞({Y ′ : |Y ′| < 1}) such that
Ων = {|W | < 1} ∩ {Y = (Y ′, Y2n) : |Y ′| < 1, Y2n < Φν(Y ′)}
and ∣∣∣∂αΦν
∂Y α
∣∣∣ < M for all |α| ≤ N, if |Y ′| < 1.
SinceM is independent of ν, by the Arzela-Ascoli theorem, after passing to a subsequence, {Φν} together
with all partial derivatives of order up to 6 converge uniformly on compact subsets of {Y ′ : |Y ′| < 1} to
a function Φ ∈ C6({Y ′ : |Y ′| < 1}). Set
Ω = {|W | < 1} ∩ {Y = (Y ′, Y2n) : |Y ′| < 1, Y2n < Φ(Y ′)}.
Now define the function uν on Ων by
uν(W ) = |wν |2n−2(1− η)2n−2gν(w)
for W = (w − wν)/(η|wν |). Then uν is harmonic on Ων , continuous up to ∂Ων , and uν(W ) = 0 on
{|W | < 1} ∩ ∂Ων. Since
0 < gν(w) < |w|−2n+2 < (1− η)−2n+2|wν |−2n+2, w ∈ B(wν ) ∩Dν
we have
0 < uν(W ) < 1, W ∈ Ων
By Harnack’s theorem, passing to a subsequence, {uν} converges uniformly on compact subsets of Ω to
a harmonic function u on Ω. From [7, proposition 5.1], it follows that
lim
ν→∞
∣∣∣∂uν
∂yi
(0)
∣∣∣ = ∂u
∂yi
(0)
which is finite. Hence from the definition of uν ,
lim
ν→∞
∣∣∣∂gν
∂yi
(wν)
∣∣∣|wν |2n−1 <∞
which is a contradiction. Hence (1) must hold. 
We now want to modify Step 3 of chapter 4 [7]. Recall that
Eν(r) =
⋃
w0∈∂Dν
{
w ∈ Dν : |w − w0| < r|w0|
}
is a collar about ∂Dν lying in Dν whose closure does not contain the origin. Similarly
Eν(r) = (T ν)−1
(Eν(r)) = ⋃
z0∈∂Dν
{z ∈ Dν : |z − z0| < r0|z0 − pν |}
is a collar about ∂Dν lying in Dν whose closure does noth contain the point pν .
Lemma 5.4. There exist 0 < r0 < 1, a constant C > 0 and an integer I such that
(5.12)
∣∣∣∣ ∂2gν∂yi∂yj (w)
∣∣∣∣∣∣∂wgν(w)∣∣−1 ≤ C|w|−1, w ∈ Eν(r0)
for all ν ≥ I.
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Proof. By the relation
gν(w) = ψν(pν)
2n−2Gν(z, pν), z = pν − ψν(pν)w,
we observe that (5.12) is equivalent to
(5.13)
∣∣∣∣ ∂2Gν∂xi∂xj (z, pν)
∣∣∣∣∣∣∂zGν(z, pν)∣∣−1 ≤ C|z − pν |−1, z ∈ Eν(r0).
We prove (5.13) by contradiction. So, suppose that there do not exist 0 < r0 < 1, C > 0 and integer I
such that (5.13) holds for all ν ≥ I. Then there exist a sequence {z0ν} with z0ν ∈ ∂Dν, and a sequence
{zν} with
(5.14) zν ∈ Dν and |zν − z0ν | < 1
ν
|z0ν − pν |, ν ≥ 1
such that
(5.15)
∣∣∣∣ ∂2Gν∂xi∂xj (zν , pν)
∣∣∣∣∣∣∂zGν(zν , pν)∣∣−1 ≥ ν|zν − pν |−1, ν ≥ 1.
By passing to a subsequence if necessary, we may assume that
lim
ν→∞
z0ν = z0 ∈ ∂D.
Then, from (5.14),
lim
ν→∞
zν = z0.
Claim: p0 = z0. Suppose that this is not true. Then we can find an ǫ > 0 such thatB(p0, 2ǫ)∩B(z0, ǫ) = ∅.
Taking ǫ sufficiently small and ν sufficiently large, we can find by the implicit function theorem a C∞-
smooth function φ on B(x′0, ǫ) and a sequence {φν} of C∞-smooth functions on B(x′0, ǫ) that converges
in C∞-topology on compact subsets of B(x′0, ǫ) to φ such that
(5.16)


B(z0, ǫ) ∩ ∂D =
{(
x′, φ(x′)
)
: x′ ∈ B(x′0, ǫ)
}
,
B(z0, ǫ) ∩ ∂Dν =
{(
x′, φν(x
′)
)
: x′ ∈ B(x′0, ǫ)
}
.
Without loss of generality let us assume that all pν lie in B(p0, ǫ). Then
(5.17) Gν(z, pν) ≤ |z − pν |−2n+2 < ǫ−2n+2, z ∈ B(z0, ǫ) ∩Dν
Now consider the affine map
Z = Sz =
z − z0
ǫ
and set
Ω = S
(
B(z0, ǫ/2) ∩D
)
, Ων = S
(
B(z0, ǫ/2) ∩Dν
)
.
Define
hν(Z) = ǫ
2n−2G(z, pν), Z ∈ Ων .
Then hν is harmonic on Ων , hν = 0 on B(0, 1) ∩ ∂Ων and by (5.17)
0 < hν(Z) ≤ 1, Z ∈ Ων .
Therefore, by Harnack’s principle, after passing to a subsequence if necessary, {hν} converges uniformly
on compact subsets of Ω to a positive harmonic function h. In view of (5.16), the sequence {hν} on {Ων}
satisfies the hypothesis of [7, proposition 5.1] and hence
(5.18)
{
limν→∞ |∂Zhν(Zν)| = |∂Zh(0)|,
limν→∞
∣∣∣ ∂2hν
∂X˜i∂X˜j
(Zν)
∣∣∣ = ∣∣∣ ∂2h
∂X˜i∂X˜j
(0)
∣∣∣ <∞
where Zν = Szν. By the Hopf lemma,
|∂Zh(0)| > 0.
Hence
lim
ν→∞
∣∣∣ ∂2Gν∂xi∂xj (zν , pν)
∣∣∣
|∂zGν(zν , pν)| |zν − pν | = ǫ limν→∞
∣∣∣ ∂2hν∂Xi∂Xj (Zν)
∣∣∣
|∂Zhν(Zν)| |zν − pν | =
∣∣∣ ∂2h∂Xi∂Xj (0)
∣∣∣
|∂Zh(0)| |z0 − p0| <∞
which contradicts (5.15). Therefore, we must have p0 = z0 and hence the claim.
Now define
kν = |pν − z0ν |.
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Consider the affine maps Sν : C
n → Cn defined by
z˜ = Sν(z) =
z − pν
kν
and let D˜ν = Sν(Dν). A defining function for D˜ν is given by
ψν ◦ S−1ν (z˜) = ψν(pν + kν z˜)
= ψν(pν) + 2kνℜ
( n∑
α=1
(ψν)α(pν)z˜α
)
+ k2νO(1)
for z˜ on a compact subset of Cn. Since {ψν} converges in the C∞-topology on compact subsets of Cn to
ψ, we note that O(1) is independent of ν. Now
ψ˜ν(z˜) =
ψν ◦ S−1ν (z˜)
kν
=
ψν(pν)
kν
+ 2ℜ( n∑
α=1
(ψν)α(pν)z˜α
)
+ kνO(1)
is again a defining function for D˜ν . Note that we can find a ball B centered at p0, positive smooth
functions φν on B such that
−ψν(p) = φν(p)d(p, ∂Dν), p ∈ B.
By differentiating the above relation, it can be seen that the functions φν , for all large ν, are unifomly
bounded above by a constant c > 0 on possibly a smaller ball B′ centered at p0. This implies that for all
large ν, ∣∣∣ψν(pν)
kν
∣∣∣ ≤ cdν(pν , ∂Dν)|pν − z0ν | ≤ c
and hence after passing to a subsequence, {ψν(pν)/kν} converges to a number c˜ ≤ 0. Thus the functions
ψ˜ν converge in the C
∞-topology on compact subsets of Cn to the function
ψ˜(z˜) = c˜+ 2ℜ( n∑
α=1
ψα(p0)z˜α
)
.
This implies that the domains D˜ν are C
∞-perturbation of the half space
H˜ = {z˜ ∈ Cn : c˜+ 2ℜ( n∑
α=1
ψα(p0)z˜α
)
< 0}.
Since c˜ ≤ 0, it is evident that
(5.19) 0 ∈ H˜.
We will now derive a contradiction by proving that (5.19) is false. First, observe that 0 = Sν(pν) ∈ D˜ν .
Let g˜ν(z˜) be the Green function for D˜ν with pole at 0. Then
(5.20) g˜ν(z˜) = G(z, pν)k
2n−2
ν .
Now let z˜0ν = Sν(z0ν). Then z˜0ν ∈ ∂D˜ν and
|z˜0ν | =
∣∣∣z0ν − pν
kν
∣∣∣ = 1.
Therefore, after passing to a subsequence, {z˜0ν} converges to a point z˜0 with
|z˜0| = 1.
Evidently, z˜0 ∈ ∂H˜. Also, let z˜ν = Sν(zν). Then
|z˜ν − z˜0ν | =
∣∣∣zν − z0ν
kν
∣∣∣ < 1
ν
by (5.14). Therefore,
lim
ν→∞
z˜ν = z˜0.
Now we derive the contradiction by considering the following two cases:
Case I. 0 ∈ H˜ . Let g˜(z˜) be the Green function for H˜ with pole at 0. Then by corollary 3.2,{
limν→∞ |∂z˜ g˜ν(z˜ν)| = |∂z˜ g˜(z˜0)| > 0,
limν→∞
∂2g˜ν
∂x˜k∂x˜l
(z˜ν) =
∂2g˜
∂x˜k∂x˜l
(z˜0) 6=∞.
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Now from (5.20),
lim
ν→∞
∣∣∣∣ ∂2G∂xi∂xj (zν , pν)
∣∣∣∣∣∣∂zG(zν , pν)∣∣−1|zν − pν | = limν→∞
∣∣∣∣ ∂2g˜ν∂x˜i∂x˜j (z˜ν)
∣∣∣∣∣∣∂z˜ g˜ν(z˜ν)∣∣−1|z˜ν | <∞
which contradicts (5.15) and hence 0 6∈ H˜.
Case II. 0 ∈ ∂H˜ . By the implicit function theorem we can find a ball B(z˜0, ǫ), a C∞-smooth function φ
on B(x˜′0, ǫ) and a sequence {φν} of C∞-smooth functions on B(x˜′0, ǫ) that converges in the C∞-topology
on compact subsets of B(x˜′0, ǫ) to φ such that
(5.21)


B(x˜0, ǫ) ∩ ∂H˜ =
{(
x˜′, φ(x˜′)
)
: x˜′ ∈ B(x˜′0, ǫ)
}
B(x˜0, ǫ) ∩ ∂D˜ν =
{(
x˜′, φν(x˜
′)
)
: x˜′ ∈ B(x˜′0, ǫ)
}
Without loss of generality let us assume that ǫ < 1/2. Then, since |z˜0| = 1,
(5.22) gν(z˜) < |z˜|−2n+2 < 22n−2, z˜ ∈ B(z˜0, ǫ) ∩ D˜ν .
Now, consider the affine map
Z˜ = Sz˜ =
z˜ − z˜0
ǫ
and set
Ω = S
(
B(z˜0, ǫ) ∩ H˜
)
, Ων = S
(
B(z˜0, ǫ) ∩ D˜ν
)
.
Define
(5.23) h(Z˜) = 2−2n+2g(z˜), Z˜ ∈ Ω
and
(5.24) hν(Z˜) = 2
−2n+2gν(z˜), Z˜ ∈ Ων .
Then hν is a positive harmonic funtion on Ων and satisfies hν = 0 on B(0, 1)∩∂Ων . Moreover, by (5.22),
0 < hν(Z˜) < 1, Z˜ ∈ Ων .
By passing to a subsequence if necessary, it follows from Harnack’s principle that {hν} converges uniformly
on compact subsets of Ω to a positive harmonic function h which satisfies h = 0 on B(0, 1)∩ ∂Ω. In view
of (5.21), the sequence {hν} satisfies the hypothesis of [7, proposition 5.1] and hence from (5.20) and
(5.24),
lim
ν→∞
∣∣∣∣ ∂2G∂xi∂xj (zν , pν)
∣∣∣∣∣∣∂zG(zν , pν)∣∣−1|zν − pν |
= ǫ lim
ν→∞
∣∣∣∣ ∂2hν∂X˜i∂X˜j (Z˜ν)
∣∣∣∣∣∣∂Z˜hν(Z˜ν)∣∣−1|z˜ν | = ǫ
∣∣∣∣ ∂2h∂X˜i∂X˜j (0)
∣∣∣∣∣∣∂Z˜h(0)∣∣−1
where Z˜ν = Sz˜ν. Now by the reflection principle, h extends as a harmonic function to a neighbourhood
of 0 and hence the quantity on the extreme right of the above equation is finite. This contradicts (5.15)
and hence 0 6∈ ∂H˜.
By Case I and Case II, 0 6∈ H˜ which contradicts (5.19). Therefore (5.13) holds and the lemma is
proved. 
Recall that if r > 0 and I are as in lemma 2.4, then the function F ν(w) is defined and smooth on the
collar Eν(r).
Proposition 5.5. There exists 0 < r < 1, a constant C > 0 and an integer I such that
(1) |F ν(w)| < C(1 + |w|−1)|w|−2n+3,
(2) |(∂F ν/∂yi)(w)| < C(1 + |w|−1)|w|−2n+2,
(3) |(∂2F ν/∂yi∂yj)(w)| < C(1 + |w|−1)|w|−2n+1
for all ν ≥ I and w ∈ Eν(r).
Proof. Choose m > 0, 0 < r < 1 and I as in lemma 2.4. Choose M > 0 as in lemma 2.5. Modify I and
choose a constant C so that proposition 5.3 holds. Modify r and I so that lemma 5.4 holds. Now fix
ν ≥ I.
(1) Let w ∈ Eν(r), |w| > 1. Then by lemma 2.4, lemma 2.5 and proposition 5.3,
|F ν(w)| =
| ∂fν∂pγ (pν , w)|
|∂wfν(pν , w)| |∂wg
ν(w)| ≤ M(1 + |w|
−1)|w|2
m
C|w|−2n+1 = C2(1 + |w|−1)|w|−2n+3.
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where C1 =MC/m is independent of ν and w.
(2) Differentiating F ν(w) with respect to yi,
(5.25)
∂F ν
∂yi
=
− ∂2fν∂pγ∂yi
|∂wfν | |∂wg
ν |+ 1
4
∂fν
∂pγ
∑2n
k=1
∂fν
∂yk
∂2fν
∂yk∂yi
|∂wfν |3 |∂wg
ν | − 1
4
∂fν
∂pγ
1
|∂wfν |
∑2n
k=1
∂gν
∂yk
∂2gν
∂yk∂yi
|∂wgν |
Thus for w ∈ Eν(r) with |w| > 1, by lemma 2.4, lemma 2.5 and proposition 5.3, and the fact that
∂gν
∂yk
|∂wgν | ≤ 2,
we have∣∣∣∂F ν
∂yi
(w)
∣∣∣ ≤ M(1 + |w|−1)|w|
m
C|w|−2n+1 + 1
4
M(1 + |w|−1)|w|2 2nMM |w|
−1
m3
C|w|−2n+1
+
1
4
M(1 + |w|−1)|w|2 1
m
2n2C|w|−2n ≤ C2(1 + |w|−1)|w|−2n+2.
(3) In order to prove this estimate, we differentiate (5.25) with respect to yj and estimate as before.
All terms except those of the form
∂fν
∂pγ
|∂wfν |
∂2gν
∂yk∂yi
∂2gν
∂yl∂yi
|∂wgν | or
∂fν
∂pν
|∂wfν |
∂gν
∂yk
∂gν
∂yl
∂2gν
∂yk∂yi
∂2gν
∂yl∂yj
|∂wgν |3
can be estimated from the above by const.(1 + |w|−1)|w|−2n+1 for w ∈ Eν(r). Also by lemma 5.4, the
above terms can be esitmated from the above by const.(1 + |w|−1)|w|−2n+1 for w ∈ Eν(r0). 
We now modify the Steps 4 and 5 of chapter 5 [7] to find an upper bound for ∂
2gν
∂wα∂pγ
(pν , w).
Proposition 5.6. There exist 0 < r < 1 and an integer I such that for ν ≥ I and w0 ∈ ∂Dν , we can
find a function F ∗(w) (depending on the parameters ν and w0) of class C
2 on
E = {w ∈ Dν : |w − w0| < r|w0|}
such that
HEF
∗(w) =
∂gν
∂pγ
(pν , w), w ∈ E.
Moreover, there exists a constant C > 0 independent of ν and w0 ∈ ∂Dν such that
(1) |F ∗(w)| < C(1 + |w0|−1)|w0|−2n+3 in E.
(2) |(∂F ∗/∂yi)(w0)| < C(1 + |w0|−1)|w0|−2n+2, i = 1, . . . , n.
(3) |∆wF ∗(w)| < C(1 + |w0|−1)|w0|−2n+1 in E.
Proof. Choose 0 < r < 1, a constant C and an integer I as in proposition 5.5. Now fix ν ≥ I and
w0 ∈ ∂Dν and let
B = {w : |w − w0| < r|w0|}.
Then E = B ∩Dν . Since
∂gν
∂pγ
(pν , w) = HDνF
ν(w)
on Dν , the function (∂gν/∂pγ)(pν , w) is harmonic on E with boundary values
(5.26)
{
F ν ; if w ∈ B ∩ ∂Dν ,
HDνF
ν ; if w ∈ ∂B ∩Dν .
Let u be the harmonic function on E with boundary values
u(w) =
{
0 ; if w ∈ B ∩ ∂Dν ,
HDνF
ν − F ν ; if w ∈ ∂B ∩Dν
and set
F ∗(w) = F ν(w) + u(w), w ∈ E.
Then
HEF
∗ = HEF
ν + u
is a harmonic function on E with boundary values (5.26) and hence
HEF
∗ =
∂gν
∂pγ
(pν , w)
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on E and this proves the first part of the proposition.
To prove the second part, note that by proposition 5.5 and continuity of the function
|F ν(w)|(1 + |w|−1)−1|w|2n−3
up to Eν(r), we have
|F ν(w)| ≤ C(1 + |w|−1)|w|−2n+3, w ∈ Eν(r).
In particular, the above hods for w ∈ E. Also, since (1 + |w|−1)|w|−2n+3 is superharmonic on Cn, this
also implies that
(5.27) |HDνF ν(w)| ≤ C(1 + |w|−1)|w|−2n+3, w ∈ Dν .
Therefore,
|HDνF ν(w) − F ν(w)| ≤ 2C(1 + |w|−1)|w|−2n+3, w ∈ ∂B ∩Dν
which implies that
|u(w)| ≤ 2C(1 + |w|−1)|w|−2n+3, w ∈ E.
Since E ⊂ {w : |w − w0| < r|w0|},
|F ∗(w)| ≤ |Fν(w)| + |u(w)| ≤ 3C(1 + |w|−1)|w|−2n+3 ≤ 3C(1− r)−2n+2(1 + |w0|−1)|w0|−2n+3, w ∈ E
which proves (1).
To prove (2), note that from the above calculation
|u(w)| ≤ 2C(1− r)−2n+2(1 + |w0|−1)|w0|−2n+3, w ∈ E.
Also u(w) = 0 for w ∈ B ∩ ∂Dν . Moreover by lemma 4.1, we can modify the integer I if necessary,
to find a ρ > 0 which is independent of ν and w0 such that there exists a ball of radius ρ|w0| which is
externally tangent to ∂Dν at w0. Hence taking R = min(ρ|w0|, r|w0|) in Step 2 of chapter 4 [7], we can
find a constant c independent of Dν and u such that
|∂wu(w0)| < 2cC(1− r)
−2n+2(1 + |w0|−1)|w0|−2n+3
min(r|w0|, ρ|w0|) = C˜(1 + |w0|
−1)|w0|−2n+2
where C˜ is independent of ν and w0 ∈ ∂Dν . This together with proposition 5.5 implies∣∣∣∂F ∗
∂yi
(w0)
∣∣∣ ≤ ∣∣∣∂Fν
∂yi
(w0)
∣∣∣+ ∣∣∣ ∂u
∂yi
(w0)
∣∣∣ ≤ (C + C˜)(1 + |w0|−1)|w0|−2n+2
which proves (2).
Finally using the fact that u is harmonic we obtain from proposition 5.5 that
|∆wF ∗(w)| = |∆wF ν(w)| ≤ nC(1 + |w|−1)|w|−2n+1 ≤ nC(1− r)−2n(1 + |w0|−1)|w0|−2n+1, w ∈ E
and this proves (3). 
Proposition 5.7. There exist a constant C > 0 and an integer I such that
(5.28)
∣∣∣ ∂2gν
∂wα∂pγ
(pν , w)
∣∣∣ < C(1 + |w|−1)|w|−2n+2
for all ν ≥ I and w ∈ Dν .
Proof. 5.7. Let 0 < r < 1, C > 0 and I be as in proposition 5.6 and fix ν ≥ I. By the maximum principle,
it suffices to prove (5.28) for w0 ∈ ∂Dν . Given such w0, we let F ∗ be a C2-smooth function on
E = {w ∈ Dν : |w − w0| < r|w0|}
satisfying the estimates of proposition 5.6. Now consider the affine map
W = S(w) =
w − w0
r|w0|
and let Ω = S(E). Define the functions u and h on Ω by setting
u(W ) =
∂gν
∂pγ
(pν , w) and h(W ) = F
∗(w).
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Then u = HΩh on Ω and by proposition 5.6,
(1)|h(W )| < C(1 + |w0|−1)|w0|−2n+3 in Ω,
(2)
∣∣∣ ∂h
∂Yi
(0)
∣∣∣ = ∣∣∣∂F ∗
∂yi
(w0)
∣∣∣r|w0| < Cr(1 + |w0|−1)|w0|−2n+3, and
(3)|∆Wh(W )| = |∆wF ∗(w)|r2|w0|2 ≤ Cr2(1 + |w0|−1)|w0|−2n+3 ≤ Cr(1 + |w0|−1)|w0|−2n+3 in Ω.
By lemma 4.1, we can modify the integer I to find a ρ > 0 which is independent of ν and w0 such that
there exists a ball B of radius ρ|w0| which is externally tangent to ∂Dν at w0. Setting T (B) = B˜, we see
that the ball B˜ ⊂ Cn \Ω has radius ρ/r and is tangent to ∂Ω at 0. Let B˜2 be the ball with centre same
as B˜ and radius ρ/r+2. Hence by [7, pp 60, lemma 5.1′, ], there exists a constant M depending only on
ρ/r such that
|∂Wu(0)| ≤MC(1 + |w0|−1)|w0|−2n+3
Since
∂u
∂Wα
(0) =
∂2gν
∂wα∂pγ
(p, w0)r|w0|,
we have ∣∣∣ ∂2gν
∂wα∂pγ
(pν , w0)
∣∣∣ ≤ MC
r
(1 + |w0|−1)|w0|−2n+2
which proves the proposition. 
Proposition 5.8. Let wν ∈ ∂Dν be such that {wν} converges to w0 ∈ ∂H = ∂D(p0). Then
lim
ν→∞
∂2gν
∂wα∂pγ
(pν , w
ν) =
∂2g
∂wα∂pγ
(p0, w
0).
Proof. This follows from standard boundary elliptic regularity arguments and the fact that Dν is C∞-
close to D. 
Proposition 5.9. lim
ν→∞
∂2λν
∂pγ∂pγ
(pν) =
∂2λ
∂pγ∂pγ
(p0).
Proof. By proposition 2.3 and (5.3), we only need to prove that
(5.29) lim
ν→∞
∫
∂Dν
kνγ1 (w)
∂gν
∂wα
(w)
|∂wgν(w)|
∂2gν
∂wα∂pγ
(pν , w)
∂gν
∂nw
(w) dSw
=
∫
∂H
kγ1 (p0, w)
∂g
∂wα
(p0, w)
|∂wg(p0, w)|
∂2g
∂wα∂pγ
(p0, w)
∂g
∂nw
(p0, w) dSw .
Let R > 1. Then by the arguments of the proof of proposition 4.4 together with proposition 5.8, we have
(5.30) lim
ν→∞
∫
B(0,R)∩∂Dν
kνγ1 (w)
∂gν
∂wα
(w)
|∂wgν(w)|
∂2gν
∂wα∂pγ
(pν , w)
∂gν
∂nw
(w) dSw
=
∫
B(0,R)∩∂H
kγ1 (p0, w)
∂g
∂wα
(p0, w)
|∂wg(p0, w)|
∂2g
∂wα∂pγ
(p0, w)
∂g
∂nw
(p0, w) dSw .
To estimate the above integrals outside B(0, R), note that by corollary 2.6, there exist a constant C and
an integer I such that
|kνγ1 (w)| ≤ C|w|2, w ∈ ∂Dν , |w| > 1
for ν ≥ I. In view of proposition 5.7, we can modify C and I so that∣∣∣ ∂2gν
∂wα∂pγ
(pν , w)
∣∣∣ ≤ C|w|−2n+2, w ∈ ∂Dν , |w| > 1
for ν ≥ I. Therefore,
(5.31)
∣∣∣∣∣
∫
Bc(0,R)∩∂Dν
kν1 (w)
∂2gν
∂wα∂pγ
(pν , w)
∂gν
∂wα
(w)
|∂wgν(w)|
∂gν
∂nw
(w)dSw
∣∣∣∣∣
≤ C2R−2n+4
∫
Bc(0,R)∩∂Dν
(
− ∂g
ν
∂nw
(w)
)
dSw.
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for ν ≥ I. Again∫
Bc(0,R)∩∂Dν
(
− ∂g
ν
∂nw
(w)
)
dSw ≤
∫
∂Dν
(
− ∂g
ν
∂nw
(w)
)
dSw = 2(n− 1)σ2n
and hence from (5.31)
(5.32)
∣∣∣∣∣
∫
Bc(0,R)∩∂Dν
kν1 (w)
∂2gν
∂wα∂pγ
(pν , w)
∂gν
∂wα
(w)
|∂wgν(w)|
∂gν
∂nw
(w)dSw
∣∣∣∣∣ = O(R−2n+4)
uniformly for all ν ≥ I. Also by (2.7), we can modify the above constant C so that
|kγ1 (p0, w)| ≤ C|w|2 and
∣∣∣ ∂2g
∂wα∂pγ
(p0, w)
∣∣∣ ≤ C|w|−2n+2
for w ∈ ∂H with |w| > 1. As above we obtain
(5.33)
∣∣∣∣∣
∫
Bc(0,R)∩∂H
kγ1 (p0, w)
∂g
∂wα
(p0, w)
|∂wg(p0, w)|
∂2g
∂wα∂pγ
(p0, w)
∂g
∂nw
(p0, w) dSw
∣∣∣∣∣ = O(R−2n+4).
From (5.30), (5.32) and (5.33) it follows that (5.29) holds. 
Proof of Theorem 1.3. In view of proposition 4.4, we only need to prove that
lim
ν→∞
∂2λν
∂pα∂pβ
(pν) =
∂2λ
∂pα∂pβ
(p0).
But this follows from proposition 5.9 by a unitary change of coordinates. 
6. Holomorphic sectional curvature
In this section we prove theorem 1.1 by deriving the asymptotics of the terms in (1.1).
Lemma 6.1. We have
(1) limν→∞(gν)αβ(pν)
(
ψν(pν)
)2
= (2n− 2)ψα(0)ψβ(0),
(2) limν→∞
∂(gν)αβ
∂zγ
(pν)
(
ψν(pν)
)3
= −2(2n− 2)ψα(0)ψβ(0)ψγ(0),
(3) limν→∞
∂2(gν)αβ
∂zγ∂zδ
(pν)
(
ψν(pν)
)4
= 6(2n− 2)ψα(0)ψβ(0)ψδ(0).
Proof. Let H be the half space
H =
{
z ∈ Cn : 2ℜ
( n∑
i=1
ψi(0)zi
)
− 1 < 0
}
= {z ∈ Cn : 2ℜzn − 1 < 0}.
From [1, (1.4)], the Robin function for H is given by
ΛH(z) = −
( ∣∣∂ψ(0)∣∣
2ℜ(∑ni=1 ψi(0)zi)− 1
)2n−2
= −
(
2ℜ
( n∑
i=1
ψi(0)zi
)
− 1
)−2n+2
so that
• ΛH(0) = −1,
• (ΛH)a(0) = −(2n− 2)ψa(0),
• (ΛH)ab(0) = −(2n− 2)(2n− 1)ψa(0)ψb(0),
• (ΛH)abc(0) = −(2n− 2)(2n− 1)(2n)ψa(0)ψb(0)ψc(0) and
• (ΛH)abcd(0) = −(2n− 2)(2n− 1)(2n)(2n+ 1)ψa(0)ψb(0)ψc(0)ψd(0)
where the indices a, b, c, d refer to either holomorphic or conjugate holomorphic derivatives. Hence by
theorem 1.2, we get
• Λν(pν)
(
ψν(pν))
2n−2 → −1,
• Λνa(pν)
(
ψν(pν)
)2n−1 → (2n− 2)ψa(0),
• Λνab(pν)
(
ψν(pν)
)2n → −(2n− 2)(2n− 1)ψa(0)ψb(0),
• Λνabc(pν)
(
ψν(pν)
)2n+1 → (2n− 2)(2n− 1)(2n)ψa(0)ψb(0)ψc(0) and
• Λνabcd(pν)
(
ψν(pν)
)2n+2 → −(2n− 2)(2n− 1)(2n)(2n+ 1)ψa(0)ψb(0)ψc(0)ψd(0).
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Now
(6.1) gαβ =
∂2 log(−Λ)
∂zα∂zβ
=
Λαβ
Λ
− ΛαΛβ
Λ2
.
Multiplying both sides of this equation by ψ2, we get
gαβψ
2 =
Λαβψ
2n
Λψ2n−2
− (Λαψ
2n−1)(Λβψ
2n−1)
(Λψ2n−2)2
.
It follows that
lim
ν→∞
gναβ(pν) (ψν(pν))
2
= (2n− 2)ψα(0)ψβ(0)
which is (i).
Differentiating (6.1) with respect to zγ , we obtain
(6.2)
∂gαβ
∂zγ
=
Λαβγ
Λ
−
(
ΛαβΛγ
Λ2
+
ΛαγΛβ
Λ2
+
ΛβγΛα
Λ2
)
+
2ΛαΛβΛγ
Λ3
.
Multiplying both sides of this equation by ψ3, we get
∂gαβ
∂zγ
ψ3 =
Λαβγψ
2n+1
Λψ2n−2
−
(
(Λαβψ
2n)(Λγψ
2n−1)
(Λψ2n−2)2
+
(Λαγψ
2n)(Λβψ
2n−1)
(Λψ2n−2)2
+
(Λβγψ
2n)(Λαψ
2n−1)
(Λψ2n−2)2
)
+
2(Λαψ
2n−1)(Λβψ
2n−1)(Λγψ
2n−1)
(Λψ2n−2)3
.
It follows that
lim
ν→∞
∂gναβ
∂zγ
(pν)ψν(pν)
3 = −2(2n− 2)ψα(0)ψβ(p)ψγ(0)
which is (ii).
Differentiating (6.2) with respect to zδ, we obtain
∂2gαβ
∂zγ∂zδ
=
Λαβγδ
Λ
−
(
ΛαβγΛδ
Λ2
+
ΛαβδΛγ
Λ2
+
ΛαγδΛβ
Λ2
+
ΛβγδΛα
Λ2
)
−
(
ΛαβΛγδ
Λ2
+
ΛαγΛβδ
Λ2
+
ΛαδΛβγ
Λ2
)
+ 2
(
ΛαβΛγΛδ
Λ3
+
ΛαγΛβΛδ
Λ3
+
ΛβγΛαΛδ
Λ3
+
ΛαδΛβΛγ
Λ3
+
ΛβδΛαΛγ
Λ3
+
ΛγδΛαΛβ
Λ3
)
− 6ΛαΛβΛγΛδ
Λ4
.
Multiplying both sides by ψ4, this equation can be written in a form where Λ is multiplied by ψ2n−2
and first, second, third and fourth order derivatives of Λ are multiplied by ψ2n−1, ψ2n, ψ2n+1 and ψ2n+2
respectively. It follows that
lim
ν→∞
∂2gναβ
∂zγ∂zδ
(pν)
(
ψν(pν)
)4
= 6(2n− 2)ψα(0)ψβ(0)ψγ(0)ψδ(0)
which is (iii). 
To obtain finer asymptotics of the derivatives of Λν along {pν}, we need the following:
Lemma 6.2. Let 1 ≤ α ≤ n− 1. Then
lim
ν→∞
(ψν)α(pν)
ψν(pν)
=
1
2
(
ψαn(0) + ψαn(0)
)
.
Proof. Fix a ν and define the function f on [0, 1] by
(6.3) f(t) = ψν(tpν) = ψν(0, . . . , 0,−δνt).
By Taylor’s theorem
f(1) = f(0) + f ′(0) +
1
2
f ′′(s)
for some s ∈ (0, 1). Therefore, by successive application of the Chain rule to (6.3), we obtain
(6.4) ψν(pν) = −δν
(
(ψν)n(0) + (ψν)n(0)
)
+
δ2ν
2
(
(ψν)nn(ζν) + 2(ψν)nn(ζν) + (ψν)nn(ζν)
)
where ζν = spν .
Now fix 1 ≤ α ≤ n− 1 and define the function g on [0, 1] by
(6.5) g(t) = (ψν)α(tpν) = (ψν)α(0, . . . , 0,−δνt).
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By Taylor’s theorem
g(1) = g(0) + g′(0) +
1
2
g′′(s)
for some s′ ∈ (0, 1). Therefore, by successive application of the chain rule to (6.5), we obtain
(6.6) (ψν)α(pν) = −δν
(
(ψν)αn(0) + (ψν)αn(0)
)
+
δ2ν
2
(
(ψν)αnn(ην) + 2(ψν)αnn(ην) + (ψν)αnn(ην)
)
where ην = s
′pν . It is now evident from (6.4) and (6.6), that
lim
ν→∞
(ψν)α(pν)
ψν(pν)
=
1
2
(
ψαn(0) + ψαn(0)
)
and the lemma is proved. 
Using this lemma and theorem 1.3, we obtain the following finer asymptotics of the first and second order
derivatives of Λν along {pν}.
Lemma 6.3. Let 1 ≤ α ≤ n− 1 and 1 ≤ β ≤ n. Then
(i) limν→∞ Λνα(pν)
(
ψν(pν)
)2n−2
= λα(0) + (2n− 2)Cα,
(ii) limν→∞ Λαβ(pν)
(
ψν(pν)
)2n−1
= −(2n−2)λα(0)ψβ(0)−(2n−2)(2n−1)ψβ(0)Cα+(2n−2)ψαβ(0)
where Cα =
1
2
(
ψαn(0) + ψαn(0)
)
.
Proof. The normalised robin function
(6.7) λ(z) =
{
Λ(z)
(
ψ(z)
)2n−2
if z ∈ D
−|∂ψ(z)|2n−2 if z ∈ ∂D
associated to (D,ψ) is C2 on D. In particular, λ(0) = −1. Differentiating λ with respect to zα, we obtain
Λαψ
2n−2 = λα − (2n− 2)λψ−1ψα.
Hence by theorems 1.2, 1.3 and lemma 6.2,
lim
ν→∞
Λνα(pν)
(
ψν(pν)
)2n−2
= λα(0) + (2n− 2)Cα
which is (i). Similarly differentiating (6.7) with respect to zα followed by zβ we obtain
Λαβψ
2n−1 = λαβψ − (2n− 2)(λαψβ + λβψα) + (2n− 2)(2n− 1)λψ−1ψαψβ − (2n− 2)λψαβ
Again by theorems 1.2, 1.3 and lemma 6.2,
lim
ν→∞
Λαβ(pν)
(
ψν(pν)
)2n−1
= −(2n− 2)λα(0)ψβ(0)− (2n− 2)(2n− 1)ψβ(0)Cα + (2n− 2)ψαβ(0)
which is (ii). 
Lemma 6.4. Let 1 ≤ α ≤ n− 1 and 1 ≤ β ≤ n. Then
lim
ν→∞
gναβ(pν)
(
ψν(pν)
)
= (2n− 2)
(
1
2
{
ψαn(0) + ψαn(0)
}
ψβ(0)− ψαβ(0)
)
.
Proof. We have
gαβ =
∂2 log(−Λ)
∂zα∂zβ
=
Λαβ
Λ
− ΛαΛβ
Λ2
.
Multiplying both sides of this equation by ψ, we get
(6.8) gαβψ =
Λαβψ
2n−1
Λψ2n−2
− (Λαψ
2n−2)(Λβψ
2n−1)
(Λψ2n−2)2
.
By the proof of lemma 6.1
Λν(pν)
(
ψν(pν)
)2n−2 → −1
and
Λνβ(pν)
(
ψν(pν)
)2n−1 → (2n− 2)ψβ(0).
Therefore using lemma 6.3 we obtain from (6.8),
lim
ν→∞
gναβ(pν)ψν(pν) = (2n− 2)λα(0)ψβ(0) + (2n− 2)(2n− 1)ψβ(0)C − (2n− 2)ψαβ(0)
− {λα(0) + (2n− 2)Cα}{(2n− 2)ψβ(0)}
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Simplifying the right hand side we obtain
lim
ν→∞
gναβ(pν)ψν(pν) = (2n− 2)
(
ψβ(0)Cα − ψαβ(0)
)
= (2n− 2)
(1
2
{
ψαn(0) + ψαn(0)
}
ψβ(0)− ψαβ(0)
)
.

Since we do not have any information about the third order derivatives of λ(p) = ψ2n−2Λ(p) near the
boundary of D, the above method fails to give finer asymptotics of Λναβγ . However by proposition 2.1,
the function
(6.9) g(p, w) = ψ(p)2n−2G(p, z)
where w = (z − p)/(−ψ(p)), is C2 up to D∪ ∂D and for each p ∈ D, ∂g∂pα (p) and
∂2g
∂pα∂pβ
(p) are harmonic
functions of w ∈ D(p) and hence can be differentiated infinitely often with respect to w. Moreover
(6.10)
∂g
∂pα
(p, 0) =
∂λ
∂pα
(p) and
∂2g
∂pα∂pβ
(p, 0) =
∂2λ
∂pα∂pβ
.
In the following, we exploit these properties to calculate finer asymptotics of Λναβγ by expressing it in
terms of mixed derivatives of gν .
By [7, Proposition 6.1], the functions
(6.11)


Gα(p, z) =
(
∂G
∂pα
+ ∂G∂zα
)
(p, z),
Gαβ(p, z) =
(
∂Gα
∂pβ
+ ∂Gα∂zβ
)
(p, z)
are real analytic, symmetric function in D ×D and are harmonic in z and in p. By [7, 6.14]
(6.12) Λαβγ(p) = 2
∂Gαβ
∂zγ
(p, p)
By [7, Proposition 6.2], the functions
(6.13)
{
g0(p, w) = g(p, w) +
1
n−1
∑n
i=1 wi
∂g
∂wi
,
gα(p, w) = ψ(p)
∂g
∂pα
(p, w) − (n− 1)ψα(p)
(
g0(p, w) + g0(p, w)
)
are harmonic functions of w ∈ D(p) for each p ∈ D. From [7, page 83],
(6.14)
∂Gαβ
∂zγ
(p, p) = −(ψ(p))−2n−1{− 2nψβ(p) ∂gα∂wγ (p, 0) + ψ(p)
∂2gα
∂wγ∂pβ
(p, 0)
}
Combining (6.12) and (6.14),
(6.15) Λαβγ(p)
(
ψ(p)
)2n
= 4n
ψβ(p)
ψ(p)
∂gα
∂wγ
(p, 0)− ∂
2gα
∂wγ∂pβ
(p, 0)
Lemma 6.5. Let 1 ≤ α, γ ≤ n and 1 ≤ β ≤ n− 1. Then
lim
ν→∞
Λναβγ(pν)
(
ψν(pν)
)2n
exists and is finite.
Proof. By (6.15) and lemma 6.2, we only need to prove that
lim
ν→∞
∂gνα
∂wγ
(pν , 0) and lim
ν→∞
∂2gνα
∂wγ∂pβ
(pν , 0)
exist and are finite.
Now gνα(pν , w) is a harmonic function of w ∈ Dν . To estimate the boundary values of these functions,
note that the first term of gν0(pν , w), i.e., gν(pν , w) is bounded by |w|−2n+2 for all ν and by proposition
5.3, the second term is bounded by C|w|−2n+2 for all large ν. Therefore, from (6.13)
(6.16) |gν0(pν , w)| ≤ C|w|−2n+2, w ∈ ∂Dν
for all large ν. Again, by proposition 4.3, | ∂gν∂pα (pν , w)| is bounded by C(1 + |w|−1)|w|−2n+3 for all lare ν.
Also ψν(pν) and ψνα(pν) are bounded by a constant C for all large ν. Hence from (6.13) and (6.16),
(6.17) |gνα(pν , w)| ≤ C(1 + |w|−1)|w|−2n+3, w ∈ ∂Dν
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for all large ν.
Choose r > 0 such that B(0, r) ⊂ H. Since Dν converges in the Hausdorff sense to H, there exists an
integer I such that B(0, r) ⊂ Dν for all ν ≥ I. Therefore
(6.18) |w| > r
for all ν ≥ I and w ∈ ∂Dν . Hence from (6.17),
|gνα(pν , w)| ≤ Cr−2n+3(1 + r−1), w ∈ ∂Dν
for all large ν. Therefore, gνα(pν , w) is uniformly bounded on B(0, r) for all large ν. Moreover, by
[7, Proposition 6.2] and the fact that ∂gν∂pα (pν , 0) =
∂λν
∂pα
(pν),
(6.19) gνα(pν , 0) = ψν(pν)
∂λν
∂pα
(pν)− (2n− 2)ψνα(pν)λ(pν)
which converges. It follows from Harnack’s priciple that
lim
ν→∞
∂gνα
∂wγ
(pν , 0)
exists.
Now differentiating(6.13) with respect to pβ , we obtain
(6.20)
∂g0
∂pβ
(p, w) =
∂g
∂pβ
+
1
n− 1
n∑
i=1
wi
∂2g
∂pβ∂wi
and
(6.21)
∂gα
∂pβ
(p, w) = ψ(p)
∂2g
∂pα∂pβ
(p, w) + ψβ(p)
∂g
∂pα
(p, w)− (n− 1)ψα(p)
( ∂g0
∂pβ
(p, w) +
∂g0
∂pβ
(p, w)
)
− (n− 1)ψαβ(p)
(
g0(p, w) + g0(p, w)
)
which are harmonic functions of w ∈ D. As above ∣∣ ∂gν∂pβ ∣∣ is bounded by C(1+ |w|−1)|w|−2n+3 for all large
ν. Also, by proposition 5.7,
∣∣ ∂2gν
∂pβ∂wi
∣∣ is bounded by C(1 + |w|−1)|w|−2n+2 for all large ν. It follows that
(6.22)
∣∣∣∂gν0
∂pβ
(pν , w)
∣∣∣ ≤ C|w|−2n+3, w ∈ ∂Dν
for all large ν. From proposition 2.1, for 1 ≤ γ ≤ n, p ∈ D∣∣∣ ∂2g
∂pγ∂pγ
(p, w)
∣∣∣ ≤ |kγ2 (p, w)||∂wg(p, w)|+ 2|kγ1 |
n∑
i=1
∣∣∣ ∂2g
∂wi∂pγ
∣∣∣, w ∈ ∂D(p).
It follows that ∣∣∣ ∂2gν
∂pγ∂pγ
(pν , w)
∣∣∣ ≤ C(1 + |w|−1 + |w|−2)|w|−2n+4, w ∈ ∂Dν
and hence by a unitary change of coordinates∣∣∣ ∂2gν
∂pα∂pβ
(pν , w)
∣∣∣ ≤ C(1 + |w|−1 + |w|−2)|w|−2n+4, w ∈ ∂Dν
for all large ν. Thus∣∣∣∂gνα
∂pβ
(pν , w)
∣∣∣ ≤ C(1 + |w|−1 + |w|−2)|w|−2n+4 ≤ Cr−2n+4(1 + r−1 + r−2), w ∈ ∂Dν
for all large ν. Therefore, the sequence {∂gνα∂pβ (pν , w)} is uniformly bounded on B(0, r). Moreover,
∂gνα
∂pβ
(pν , 0) = ψν(pν)
∂2λν
∂pα∂pβ
(pν)+ψνβ(pν)
∂λν
∂pα
(pν)− (2n−2)ψνα(pν)∂λν
∂pβ
(pν)− (2n−2)ψναβ(pν)λν(pν)
which converges. It follows from Harnack’s principle that
lim
ν→∞
∂2gνα
∂wγ∂pβ
(pν , 0)
exists. 
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Lemma 6.6. Let 1 ≤ α, γ ≤ n and 1 ≤ β ≤ n− 1. Then
lim
ν→∞
∂gναβ
∂zγ
(pν)
(
ψ(pν)
)2
exists and is finite.
Proof. From (6.2), we obtain
∂gναβ
∂zγ
ψ2ν =
Λναβγψ
2n
ν
Λνψ
2n−2
ν
−
(
(Λναβψ
2n−1
ν )(Λνγψ
2n−1
ν )
(Λνψ
2n−2
ν )2
+
(Λναγψ
2n
ν )(Λνβψ
2n−2
ν )
(Λνψ
2n−2
ν )2
+
(Λνβγψ
2n−1
ν )(Λναψ
2n−1
ν )
(Λνψ
2n−2
ν )2
)
+
2(Λναψ
2n−1
ν )(Λνβψ
2n−2
ν )(Λνγψ
2n−1
ν )
(Λνψ
2n−2
ν )3
.
In view of theorem 1.2 and lemma 6.3 it is seen that the second and third terms have finite limits along
{pν} and by lemma 6.5 the first term has finite limit along {pν}. 
Lemma 6.7. The limit
lim
ν→∞
det
(
gναβ(pν)
)(
ψν(pν)
)n+1
exists and is nonzero.
Proof. Let (∆αβ) be the cofactor matrix of (gαβ). Then expanding by the n-th row,
det(gαβ) = gn1∆n1 + . . .+ gnn∆nn.
Therefore,
(6.23) det(gαβ)ψ
n+1 = (gn1ψ
2)(∆n1ψ
n−1) + . . .+ (gnnψ
2)(∆nnψ
n−1).
Note that
∆nαψ
n−1 = ψn−1(−1)n+α det

 g11 . . . g1α−1 g1α+1 . . . g1n. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
gn−11 . . . gn−1α−1 gn−1α+1 . . . gn−1n


= (−1)n+α det

 g11ψ . . . g1α−1ψ g1α+1ψ . . . g1nψ. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
gn−11ψ . . . gn−1α−1ψ gn−1α+1ψ . . . gn−1nψ


By lemma 6.4 , if 1 ≤ α ≤ n − 1 and 1 ≤ β ≤ n, then the term gναβ(pν)ψν(pν) converges to a finite
quantity . It follows that if 1 ≤ α ≤ n− 1 then
lim
ν→∞
∆νnα(pν)
(
ψν(pν)
)n−1
exists and is finite. Also if 1 ≤ α, β ≤ n−1, then gναβ(pν)ψν(pν) converges to −(2n−2)ψαβ(0). Therefore
lim
ν→∞
∆νnn(pν)
(
ψν(pν)
)n−1
= (−1)n(2n− 2)n det (ψαβ(0))1≤α,β≤n−1.
Finally by lemma 6.1, if 1 ≤ α, β ≤ n, then gναβ(pν)
(
ψν(pν)
)2
converges to (2n− 2)ψα(0)ψβ(0). Now it
follows from (6.23) that
lim
ν→∞
det
(
gναβ(pν)
)(
ψν(pν)
)n+1
= (−1)n(2n− 2)n+1 det (ψαβ(0))1≤α,β≤n−1 6= 0
as D is strongly pseudoconvex at 0. 
Proof of Theorem 1.1: We have
− 1(
gnn(z)
)2 ∂2gnn∂zn∂zn (z) = −
1(
gnn(z)
(
ψ(z)
)2)2 ∂
2gnn
∂zn∂zn
(z)
(
ψ(z)
)4
By lemma 6.1
− 1(
gνnn(pν)
)2 ∂2gνnn∂zn∂zn (pν)→ −
1{
(2n− 2)ψn(0)ψn(0)
}2{6(2n− 2)ψn(0)ψn(0)ψn(0)ψn(0)} = − 3n− 1 .
To compute the limit of the second term note that gβα = ∆αβ/ det(gαβ). There are various cases to be
considered depending on α and β.
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Case 1 : α 6= n, β 6= n. Here
1
g2nα
gβα
∂gnα
∂zn
∂gβn
∂zn
=
1
(gnnψ2)2
(
det(gij)ψ
n+1
) (∆αβψn)
(
∂gnα
∂zn
ψ2
)(
∂gβn
∂zn
ψ3
)
By lemma 6.1,
gνnn(pν)
(
ψν(pν)
)2 → (2n− 2)
By lemma 6.7, det
(
gij(pν)
)(
ψνpν)
)n+1
converges to a nonzero finite. Also
∆αβ =
∑
σ
(−1)sgn(σ)g1σ(1)g2σ(2) · · · gnσ(n)
where the summation runs over all permutations
σ : {1, . . . , α− 1, α+ 1, . . . , n} → {1, . . . , β − 1, β + 1, . . . , n}
Hence
∆αβψ
n =
∑
σ
(−1)sgn(σ)(g
1σ(1)
ψ)(g
2σ(2)
ψ) · · · (g
nσ(n)
ψ2).
By lemma 6.4, for 1 ≤ i ≤ n− 1, gνiσ(i)(pν)
(
ψν(pν)
)
converges to a finite quantity. Also
gνnσ(n)(pν)
(
ψ(pν)
)2 → (2n− 2)ψn(0)ψσ(n)(0)
by lemma 6.1. Thus ∆ναβ(pν)
(
ψν(pν)
)n
converges to a finite quantity.
By lemma 6.6, ∂gνnα∂zn (pν)
(
ψν(pν)
)2
converges to a finite quantity and by lemma 6.1
∂gνβn
∂zn
(pν)
(
ψν(pν)
)3
=
(
∂gνnβ
∂zn
(pν)
(
ψν(pν)
)3)→ −2(2n− 2)(ψνn(0)) (ψβ(0)) (ψn(0)) = 0.
Hence
lim
ν→∞
1(
gνnn(pν)
)2 gβαν (pν)∂gνnα∂zn (pν)
∂gνβn
∂zn
(pν) = 0.
Case 2 : α = n, β 6= n. Here
1
g2nn
gβn
∂gnn
∂zn
∂gβn
∂zn
=
1
(gnnψ2)2(det(gij)ψ
n+1)
(∆nβψ
n−1)
(
∂gnn
∂zn
ψ3
)(
∂gβn
∂zn
ψ3
)
By lemma 6.1,
gνnn(pν)
(
ψν(pν)
)2 → (2n− 2).
By lemma 6.7, det
(
gναβ(pν)
)(
ψ(pν)
)n+1
has a nonzero limit and ∆νnβ(pν)
(
ψν(pν)
)n−1
converges to a
finite quantity. By lemma 6.1,
∂gνnn
∂zn
(pν)
(
ψν(pν)
)3 → −2(2n− 2)ψn(0)ψn(0)ψn(0) = −2(2n− 2)
and
∂gνβn
∂zn
(pν)
(
ψν(pν)
)3
=
(
∂gνnβ
∂zn
(pν)
(
ψν(pν)
)3)→ −2(2n− 2)(ψn(0)) (ψβ(0)) (ψn(0)) = 0.
Hence
lim
ν→∞
1(
gνnn(pν)
)2 gβnν (pν)∂gνnn∂zn (pν)
∂gνβn
∂zn
(pν) = 0
Case 3 : α 6= n and β = n. This case is similar to Case 2 and we have
lim
ν→∞
1(
gνnn(pν)
)2 gnαν (pν)∂gνnα∂zn (pν)
∂gνnn
∂zn
(pν) = 0.
Case 4 : α = n, β = n. In this case we have
1
g2nn
gnn
∂gnn
∂zn
∂gnn
∂zn
=
1
(gnnψ2)2
(
det(gij)ψ
n+1
) (∆nnψn−1)
(
∂gnn
∂zn
ψ3
)(
∂gnn
∂zn
ψ3
)
.
From lemma 6.1,
gνnn(pν)
(
ψν(pν)
)2 → (2n− 2)
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and both
∂gνnn
∂zn
(pν)
(
ψν(pν)
)3
,
∂gnn
∂zn
(pν)
(
ψν(pν)
)3 → −2(2n− 2).
From lemma 6.7
∆νnn(pν)
(
ψν(pν)
)n−1 → (−1)n(2n− 2)n det (ψij(0))1≤i,j≤n−1
and
det
(
gνij(pν)
)(
ψν(pν)
)n+1 → (−1)n(2n− 2)n+1 det (ψij(0))1≤i,j≤n−1.
Hence
lim
ν→∞
1(
gνnn(pν)
)2 gnnν (pν)∂gνnn∂zn (pν)
∂gνnn
∂zn
(pν) =
2
n− 1 .
From the various cases we finally obtain
lim
ν→∞
R
(
zν , vN (zν)
)
= −3/(n− 1) + 2/(n− 1) = −1/(n− 1).
7. Existence of closed geodesics
In this section we prove theorem 1.4. The main tool that we will use is the following theorem of Herbort
[6]:
Theorem 7.1. Let G be a bounded domain in Rk, such that π1(G) is nontrivial. Assume that the
following conditions are satisfied:
(i) For each p ∈ G there is an open neighbourhood U ⊂ Rk, such that the set G ∩ U is simply
connected.
(ii) G is equipped with a complete Riemannian metric g which possesses the following property:
(P) For each S > 0 there is a δ > 0, such that for every point p ∈ G with d(p, ∂D) < δ and every
X ∈ Rk, g(p,X) ≥ S|X |2.
Then every nontrivial homotopy class in π1(G) contains a closed geodesic for g.
In [1] we proved the following boundary behaviour of the Λ-metric: Let D be a C∞-smoothly bounded
strongly peudoconvex domain in Cn and ds2 be the Λ-metric on D. Suppose that ψ is any C∞-smooth
defining function for D. Then
ds2z(v, v) ≈ δ−2(z)|vN (z)|2 + δ−1(z)Lψ
(
π(z), vH(z)
)
uniformly for all z sufficiently close to ∂D and all v ∈ Cn. Here, v = vH(z) + vN (z) is as usual the
decomposition of v at the point π(z) ∈ ∂D, δ(z) = d(z, ∂D) is the Euclidean distance of z to the
boundary of D and Lψ(z, v) denotes the Levi form of ψ at z along v, i.e.,
Lψ(z, v) =
n∑
α,β=1
∂2ψ
∂zα∂zβ
(z)vαvβ .
Also, it is known that the Bergman metric ds2B on D has the same boundary behaviour. It follows that
ds2z(v, v) ≈ ds2Bz(v, v)
uniformly for all z sufficiently close to ∂D and all v ∈ Cn. Also, on compact subsets of D, these two
metrics are uniformly comparable to the Euclidean metric. Thus we have the follwoing:
Proposition 7.2. Let D be a C∞-smoothly bounded strongly pseudoconvex domain in Cn. Let ds2
denotes the Λ-metric on D and ds2B denotes the Bergman metric on D. Then there exists a constant
C > 1 such that
C−1ds2B ≤ ds2 ≤ Cds2B
uniformly on D.
Proof of theorem 1.4. We will show that the Λ-metric on D satisfies the hypothesis of theorem 7.1.
Indeed, since ∂D is smooth, condition (i) is evidently satisfied. Also, note that the Bergman metric is
complete on D ([8]) and satisfies property (P) [2]. It follows from proposition 7.2 that condition (ii) is
satisfied. Thus the theorem is proved.
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8. L2-cohomology of the Λ-metric
Let M be a complete Ka¨hler manifold of complex dimension n. Let Ωi2 be the space of square integrable
i-forms on M . Then the (reduced) L2-cohomology of the complex
Ω02(M)
d0−→ Ω12(M) d1−→ · · ·
d2n−1−−−−→ Ω2n2 (M) d2n−−→ 0
is defined by
Hi2(M) =
ker di
Im di−1
where the closure is taken in L2. Now, let Hi2(M) be the space of square integrable harmonic i-forms on
M . Then the completeness of the metric implies that Hi2(M)
∼= Hi2(M). We have the following result
([3]) on the vanishing of the L2-cohomology outside the middle dimension:
Proposition 8.1. Let M be a complete Ka¨hler manifold of complex dimension n. Suppose that the
Ka¨hler form ω of M can be written as ω = dη, where η is bounded in supremum norm. Then Hi2(M) = 0
for i 6= n.
Also, we have the following result ([9]) on the infinite dimensionality of the L2-cohomology of the middle
dimension:
Theorem 8.2. Let D be a domain in a connected complex manifold of dimension n and ds2 be a Her-
mitian metric on D. Suppose that there exists a non-degenerate regular boundary point z0 ∈ ∂D. Also,
suppose that there exist a neighbourhodd U of z0, a local defining function φ for D defined on U and a
Hermitian metric ds2U defined on U such that
C−1ds2 < (−φ)−ads2U + (−φ)−b∂φ∂φ < Cds2
on U ∩D, where a, b and C are positive numbers with 1 ≤ a ≤ b < a+ 3. Then, for any positive integer
p and q with p+ q = n,
dimHp,q2 (D) =∞
where Hp,q2 (D) denotes the L
2 ∂-cohomology group relative to ds2.
Remark 8.3. The above theorem in particular implies that if ds2 is complete and Ka¨hler, then for any
positive integer p and q with p+ q = n,
dimHp,q2 (D) =∞
where Hp,q2 (D) is the space of square integrable harmonic (p, q)-forms on D relative to ds2.
To apply these results to the Λ metric, let D be a C∞-smoothly bounded pseudoconvex domain in Cn
and ds2 be the Λ-metric on D. Then the Ka¨hler form ω of ds2 is given by
ω = i
n∑
α=1
∂2 log(−Λ)
∂zα∂zβ
dzα ∧ dzβ = dη
where
η = −i
n∑
α=1
∂ log(−Λ)
∂zα
dzα.
Now let ψ be a C∞-smooth defining function for D. Then, differentiating the relation
λ = Λψ2n−2
with respect to zα we obtain
(8.1)
∂ log(−Λ)
∂zα
= λ−1λα − 2(n− 1)ψ−1ψα.
Therefore,
(8.2) η(v) = −i
n∑
α=1
∂ log(−Λ)
∂zα
vα = −i(λ−1〈v, ∂λ〉 − 2(n− 1)ψ−1〈v, ∂ψ〉)
and
(8.3) |η(v)|2 = λ−2|〈v, ∂λ〉|2 − 4(n− 1)λ−1ψ−1ℜ
(
〈v, ∂λ〉〈v, ∂ψ〉
)
+ 4(n− 1)2ψ−2|〈v, ∂ψ〉|2
Also, differentiating (8.1) with respect to zβ we obtain
(8.4)
∂2 log(−Λ)
∂zα∂zβ
= λ−1λαβ − λ−2λαλβ + 2(n− 1)ψ−2ψαψβ − 2(n− 1)ψ−1ψαβ .
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Therefore,
(8.5) ds2(v, v) =
n∑
α,β=1
∂2 log(−Λ)
∂zα∂zβ
vαvβ
= λ−1Lλ(z, v)− λ−2|〈v, ∂λ〉|2 + 2(n− 1)ψ−2|〈v, ∂ψ〉|2 − 2(n− 1)ψ−1Lψ(z, v)
Lemma 8.4. Let D be a C∞-smoothly bounded pseudoconvex domain in Cn and ψ be a C∞ smooth
defining function for D. One has the following:
(1) If z0 ∈ ∂D and v ∈ Cn is a unit vector satisfying
〈
v, ∂ψ(z0)
〉 6= 0, then
lim
z→z0
|ηz(v)|2
ds2z(v, v)
= 2(n− 1),
(2) If z0 ∈ ∂D is strongly pseudoconvex and v ∈ Cn is a unit vector satisfying
〈
v, ∂ψ(z0)
〉
= 0, then
lim
z→z0
|ηz(v)|2
ds2z(v, v)
= 0.
Moreover, the limits are apporached uniformly for z0 ∈ ∂D and unit vectors v.
Proof. Since λ is C2-smooth up to D and ψ is C∞-smooth, the terms〈
v, ∂λ(z)
〉
,
〈
v, ∂ψ(z)
〉
, Lλ(z, v), and Lψ(z, v)
are uniformly bounded for all z ∈ D and all v ∈ Cn with |v| = 1. Also, since λ = −|∂ψ|2n−2 on ∂D, it is
evident that λ−1 is bounded near ∂D.
By the above observation it is evident from (8.3) that
lim
z→z0
(
ψ(z)
)2|ηz(v)|2 = 4(n− 1)2∣∣〈v, ∂ψ(z0)〉∣∣2
and from (8.5) that
lim
z→z0
(
ψ(z)
)2
ds2z(v, v) = 2(n− 1)
∣∣〈v, ∂ψ(z0)〉∣∣2
uniformly for z0 ∈ ∂D and unit vector v. Therefore,
lim
z→z0
|ηz(v)|2
ds2z(v, v)
= 2(n− 1)
uniformly for z0 ∈ ∂D and unit vector v satisfying
〈
v, ∂ψ(z0)
〉 6= 0, which proves (1).
To prove (2), observe that if
〈
v, ∂ψ(z0)
〉
= 0 then〈
v, ∂ψ(z)
〉
=
〈
v, ∂ψ(z)
〉− 〈v, ∂ψ(z0)〉 = 〈v, ∂ψ(z)− ∂ψ(z0)〉.
Since ∣∣∂ψ(z)− ∂ψ(z0)∣∣ . (− ψ(z))
uniformly for z near z0, it follows that ∣∣〈v, ∂ψ(z)〉∣∣ . (− ψ(z))
uniformly for z near z0 and unit vectors v satisfying
〈
v, ∂ψ(z0)
〉
= 0. Combining this with our previous
observation, it now follows from (8.3) that
lim
z→z0
(− ψ(z))|ηz(v)|2 = 0
and from (8.5) that
lim
z→z0
(− ψ(z))ds2z(v, v) = 2(n− 1)Lψ(z0, v)
uniformly for z0 ∈ ∂D and unit vectors v satisfying
〈
v, ∂ψ(z0)
〉
= 0. Since z0 is a strongly pseudoconvex
boundary point, Lψ(z0, v) > 0 and hence
lim
z→z0
|ηz(v)|2
ds2z(v, v)
= 0
uniformly for all strongly pseudoconvex boundary points z0 ∈ ∂D and all unit vectors v satisfying〈
v, ∂ψ(z0)
〉
= 0, which proves (2). 
REMARKS ON THE METRIC INDUCED BY THE ROBIN FUNCTION II 33
Proposition 8.5. Let D be a C∞-smoothly bounded strongly pseudoconvex domain in Cn. Then the
ratio
(8.6)
|ηz(v)|2
ds2z(v, v)
is uniformly bounded for z ∈ D and vectors v ∈ Cn with v 6= 0.
Proof. By lemma 8.4, the ratio
|ηz(v)|2
ds2z(v, v)
is uniformly bounded for all z near ∂D and all unit vectors v. It is evident that this ratio is uniformly
bounded for all z on a compact subset of D and all unit vectors v. Now, by homogenity of ηz(v) and
ds2z(v, v) in the vector variable v it follows that the ratio is uniformly bounded above for all z ∈ D and
vectors v 6= 0. 
We also note the following:
Proposition 8.6. Let D be a C∞-smoothly bounded strongly pseudoconvex domain in Cn and ds2 be the
Λ-metric on D. Suppose that ψ is a C∞-smooth defining function for D. Then
ds2 ≈ (−ψ)−1ds2E + (−ψ)−2∂ψ∂ψ
uniformly near ∂D, where ds2E is the Euclidean metric on C
n.
Proof. It is known that the Bergman metric on D satisfies the same estimate. Therefore, the proof follows
from proposition 7.2. 
Proof of theorem 1.5. Let ds2 be the Λ-metric on D. By proposition 7.2 and the completeness of the
Bergman metric on D, ds2 is complete. Therefore, by propositions 8.1 and 8.5, we have
Hi2(D) = 0
for i 6= n and hence
Hp,q2 (D) = 0
for p+ q 6= n. Also, by remark 8.3 and proposition 8.6,
dimHp,q2 (D) =∞
for any positive integers p and q with p + q = n. Moreover, a harmonic (n, 0) form on D is precisely of
the form
f(z) dz1 ∧ . . . ∧ dzn
where f(z) is a harmonic function (with respect to the standard Laplacian) on D. Therefore, Hn,02 (D)
(and thus H0,n2 (D)) is isomorphic to the space of square integrable harmonic functions on D which is
evidently infinite dimensional. This completes the proof. 
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